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ABSTRACT: Crimean-Congo haemorrhagic fever (CCHF) is a climate-sensitive tick-borne zoonosis that remains
a significant public health concern in Uganda, where temperature and vapour pressure deficit influence tick ecology
and consequently disease transmission. This study aimed to develop and analyse a climate-driven stochastic model
for CCHF transmission among ticks, livestock, and humans under environmental variability in Uganda. A
compartmental transmission model was formulated and extended into a stochastic differential equation framework
by incorporating multiplicative environmental noise. Climate-dependent tick recruitment, development, and
mortality were parameterized using district-level temperature and vapour pressure deficit data to capture spatial
heterogeneity in transmission risk. Theoretical analyses based on the next-generation matrix, Lyapunov methods,
and stochastic stability theory were used to derive the basic reproduction number and establish positivity,
boundedness, equilibrium stability, extinction conditions, and the existence of a stationary distribution and
ergodicity. Numerical simulations were performed using the Milstein scheme over a three-year period to compare
deterministic and stochastic dynamics under endemic and sub-threshold transmission scenarios, while district-level
climate data were used to generate spatial risk maps and evaluate model performance against reported CCHF
outbreaks. The model reproduced seasonal transmission patterns, predicted rapid disease extinction under sub-
threshold conditions, and persistent endemic dynamics when Ry > 1. Spatial analyses revealed substantial
geographical variation in transmission potential, and model validation achieved a classification accuracy of 79.6%
against reported outbreak districts. The proposed framework provides a practical tool for climate-informed CCHF
surveillance, spatial risk assessment, early warning, and prioritization of targeted intervention strategies in Uganda.
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sensitive to environmental conditions, particularly
temperature and atmospheric moisture (Randolph & Rogers,
2007; Estrada-Pefia, Martinez Avilés & Mufioz Reoyo, 2011;
Estrada-Pefia, 2023). Climatic variability directly influences
tick abundance, developmental duration, mortality, and
contact rates with livestock and humans. Seasonal
environmental changes may therefore produce substantial
fluctuations in transmission intensity and disease risk. These
characteristics make CCHF particularly suitable for climate-
informed mathematical modelling.

Temperature alone does not fully characterize the
environmental constraints experienced by ticks. Moisture
availability is equally important because ticks are highly
susceptible to desiccation during off-host periods. While

I INTRODUCTION

Crimean-Congo haemorrhagic fever (CCHF) is a
zoonotic viral disease of major public health importance in
Africa, Asia, the Middle East, and parts of Europe (Bernard
et al., 2022; World Health Organization, 2025). The disease
is caused by the Crimean-Congo haemorrhagic fever virus
and is primarily transmitted by infected ticks, particularly
those of the Hyalomma genus (Bernard et al., 2022; World
Health Organization, 2025). In addition to vector-borne
transmission, humans may become infected through direct
contact with infected livestock or through exposure to
contaminated blood and body fluids from infected
individuals. Because of these multiple transmission
pathways, CCHF represents a complex epidemiological

system involving vectors, animal hosts, and humans. The
disease has attracted increasing attention due to its high case
fatality rate, recurrent outbreaks, and potential for
geographical expansion under changing climatic conditions.

Ticks play a central role in maintaining and amplifying
CCHF transmission. Their development, survival,
reproduction, and host-seeking behaviour are highly
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relative humidity is commonly used in ecological studies,
vapor pressure deficit (VPD) provides a more direct measure
of atmospheric drying power and therefore better reflects the
moisture stress experienced by ticks. Previous ecological
investigations have demonstrated that tick survival, questing
activity, and developmental success are strongly influenced
by atmospheric moisture deficits represented by VPD,

doi: http:/ /doi.org/10.6 3746 /njtd.v23i2.4823
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making it a biologically meaningful predictor for climate-
driven tick population modelling (Randolph & Rogers, 2007;
Estrada-Pefia et al, 2011; Estrada-Pefia, 2023).
Consequently, temperature and VPD were selected as the
principal environmental drivers in the present study.

Mathematical models have long been used to investigate
infectious disease transmission, evaluate intervention
strategies, and determine threshold conditions for disease
persistence or elimination (Hethcote, 2000; Van den
Driessche &  Watmough, 2002).  Deterministic
compartmental models are particularly useful for describing
average disease dynamics, deriving threshold quantities such
as the basic reproduction number, and analysing equilibrium
stability. However, deterministic formulations typically
assume fixed parameter values and homogeneous
environmental conditions, which may not adequately capture
the variability observed in real epidemiological systems.

Stochastic epidemic models provide a more realistic
framework when disease transmission is influenced by
environmental fluctuations and demographic uncertainty. By
incorporating random perturbations into epidemiological
rates and population dynamics, stochastic differential
equation models allow the investigation of persistence,
extinction, long-term disease behaviour, and uncertainty
propagation under varying environmental conditions (Mao,
2007; Allen, 2008). Such considerations are particularly
relevant for CCHF because climatic variability affects tick
mortality, development, reproduction, and infection pressure
in ways that cannot be fully represented by deterministic
formulations alone.

Several mathematical models of CCHF transmission
have been proposed in the literature, including deterministic
compartmental models and climate-sensitive vector
population models (Estrada-Pefa et al., 2011; Bhowmick et
al., 2022). Nevertheless, most existing studies either neglect
environmental stochasticity or focus primarily on vector
ecology without explicitly linking climate-driven tick
dynamics to epidemiological transmission among ticks,
livestock, and humans. Furthermore, few studies have
examined climate-driven transmission risk at district level in
Uganda despite the country's ecological diversity and
recurrent occurrence of CCHF outbreaks. These limitations
motivate the development of an integrated stochastic
modelling framework capable of capturing both
environmental variability and spatial heterogeneity in
transmission potential.

Spatial heterogeneity plays an important role in shaping
CCHF transmission dynamics. Climatic conditions,
livestock density, ecological suitability, and human exposure
vary considerably across geographical regions and directly
influence vector abundance and disease risk. In Uganda,
environmental conditions differ substantially among districts
and agroecological zones, resulting in spatially varying
transmission potential (Omoga et al., 2023; Balinandi et al.,
2024; Zalwango et al., 2024). A modelling framework that
links climate-dependent tick dynamics with district-level
epidemiological indicators provides a practical approach for
assessing spatial and seasonal transmission risk and for
supporting climate-informed surveillance strategies.

Motivated by these considerations, this study develops a
climate-driven stochastic model of CCHF transmission
based on tick—livestock—human interactions in Uganda. The
deterministic component describes disease progression
among susceptible, exposed, infectious, and recovered

populations, while the stochastic formulation introduces
multiplicative ~ Brownian  perturbations  representing
environmental variability and uncertainty. Climate
dependent tick demographic parameters are incorporated
through temperature and vapor pressure deficit data, and
district-level climatic conditions are used to characterize
spatial heterogeneity in transmission potential. In addition,
deterministic and stochastic model predictions are compared
to evaluate the epidemiological implications of
environmental variability and to quantify the additional
insights provided by stochastic modelling.

The main contributions of this study are summarized as

follows:

i. Development of a stochastic CCHF transmission
model integrating tick—livestock—human interactions
under environmental variability.

ii. Incorporation of climate-dependent tick demographic
parameters driven by temperature and vapor pressure
deficit.

iii. Analytical characterization of positivity, disease-free
equilibrium stability, extinction conditions, stationary
distribution, and ergodicity properties.

iv. Comparison of deterministic and stochastic climate-
driven transmission dynamics to evaluate the
contribution of environmental stochasticity.

v. Spatial mapping of climate-driven transmission
potential and associated uncertainty across Uganda at
district level.

vi. Integration of stochastic disease dynamics with
climate-sensitive tick lifecycle modelling to support
climate-informed surveillance and risk assessment.

The remainder of this paper is organized as follows.

Section II presents the theoretical formulation of the
deterministic and stochastic models. Section III describes the
study area, climate datasets, and computational
methodology. Section IV presents and discusses the
numerical and spatial results. Finally, Section V concludes
the study and highlights directions for future research.

II. THEORETICAL FRAMEWORK
A. Model Structure and Assumptions
The proposed model describes the transmission
dynamics of Crimean-Congo Haemorrhagic Fever (CCHF)
through interactions among three epidemiological
populations: ticks (vector), livestock (amplifying host), and

humans (spillover host). The formulation is based on a

compartmental structure that captures both the biological

progression of infection and the ecological role of each

population (Bhowmick ef al., 2022).

The following assumptions underlie the model
formulation:

i.  Homogeneous mixing: Individuals within each
population mix uniformly, and contacts between
ticks, livestock, and humans occur at average rates.

ii.  Climate-driven vector dynamics: Tick recruitment,
mortality, and developmental rates are influenced by
temperature and vapor pressure deficit.

iii.  Multi-route transmission: Infection may occur
through livestock-to-tick, tick-to-tick, tick-to-
livestock, tick-to-human, livestock-to-human, and
human-to-human transmission.

iv.  Latent infection stage: Livestock and humans pass
through an exposed stage before becoming
infectious.
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vi.

vii.

Vviii.
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Temporary immunity: Recovered humans may lose
immunity and return to the susceptible class.
Vertical transmission: A proportion of newly
recruited ticks may be infected at birth.
Environmental stochasticity: Climatic variability is
represented through multiplicative stochastic
perturbations.

Spatial heterogeneity: Climatic conditions vary
across districts, leading to geographically varying
transmission potential.

=y T

B. Deterministic Climate-Driven Model

The human population is partitioned into susceptible,
exposed, infectious, and recovered compartments denoted
byHs(t),Hg(t), H;(t) and Hg(t), respectively. The
livestock population is partitioned into Lg(t), Lg(t), L;(t)
and Lg(t), while the tick population is represented by
Ts(t), Tg(t) and T;(t). Table 1 describe the parameters used
in the model.

Total populations are defined as

NH=HS+HE+HI+HR (1)
NL=LS+LE+LI+LR (2)
Ny =T+ Tz + T, (3)

T

a
H_H y
R

2

Figure 1 Compartmental structure of the proposed CCHF transmission model illustrating interactions between tick,
livestock, and human populations. Arrows represent transmission pathways and progression between epidemiological

states.

The deterministic dynamics are described by:

i) Human population

dt

o,HsTy  osHsL;  ogHgH,;

CNp N, Ny @
—pnHs + wHg

dH; o,HsT; osHgl, ogHgH,

- N, TN T Tw, 5)

—eyHy — pyHg

Ty

dH,
dt
dt

= eyHg — (ay + py + 6y)H, (6)

= ayH; — (uy + w)Hg @)

ii) Livestock population

dLS O LsT
WZHL_SN—TI_”LLS (®)
dLy;  o3LsT,

d—tE = 3NT L e Ly —uLg ©
dL,;

T e Lg — (ap + u )L, (10)
F=QLLI_“LLR (11)

iii) Tick population

dTS STI JlTSLI O—2TsT'1
— = - ) - ———— ;T 12
dt "T< NT) N, N, HTs (D)
R = - T, 13
at N, + N, (ur + er)Tg (13)
dT, en;T;
= +erTg — urT; (14)

dt Ny
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Table 1 Model parameters

Parameter Description
Ty, Ty, T Human recruitment, Livestock recruitment and Tick recruitment respectively
Uy U U Human natural death, Livestock natural death and Tick natural death respectively

04, 0y, O3, 04, O, O, 2
LE2 53 P4 ¥5 76 to_human transmission

(ey.er.er) Progression rates
(ay,ar) Recovery rates

6 Human disease mortality
(w) Immunity loss

(¢) Vertical transmission

Livestock-to-tick, Tick-to-tick, Tick-to-livestock, Tick-to-human, Livestock-to-human, Human-

C. Stochastic Model Formulation

To account for environmental variability and
uncertainty in CCHF transmission dynamics, the
deterministic model is extended into a stochastic
framework. This extension is motivated by the fact that key
epidemiological processes, particularly those related to tick
survival, development, and host interaction, are strongly
influenced by fluctuating climatic conditions.

Stochastic perturbations are introduced in the form of
multiplicative white noise, which reflects proportional
environmental variability affecting population sizes and
transmission processes. This choice ensures that the
intensity of fluctuations scales with the magnitude of the
state variables, thereby preserving biological realism. The
stochastic formulation is derived using It6 stochastic
differential equations, where independent Wiener
processes represent random environmental forcing.

Let

X(t) = (Ts, Tg, Ty, Ls, Ly, Ly, Ly, Hs, Hg, Hy, Hp)"

denote the state vector. Environmental variability is
incorporated through compartment-specific diffusion
terms n;X;dW;, where 7n; denotes the stochastic
intensity associated with compartment X; and W;(t)
represents an independent Wiener process.
Consequently, stochastic fluctuations act on the tick,
livestock, and human population compartments and
scale proportionally with their population sizes.

This approach allows the model to capture irregular
epidemic patterns, extinction events, and variability in
transmission intensity that cannot be reproduced by
deterministic models alone.

The stochastic noise intensities and Wiener processes
appearing in the stochastic system are described in
Table 2

Accordingly, the stochastic CCHF transmission model
is represented by the following system of Ito
stochastic differential equations:

eTy 01TsL;  0,TT;
dTS = [TTT <1 - N_T) - NL - NT - #TTS] dt
+ NrsTs dW; (15)
O- TsL O TsT
dTg = [ 1NL “+ ZNT - - (ur + eT)TE] dt
+ N7 TedW, (16)
ey Ty
T, = [ Nt erTp — .UTTI] dt +np Ty dW;  (17)
T
o3LsT
dL = [nL _ - HLLS] dt +n, LsdW, (18)
T
o3LsT;
dLg = [— — (e, + uL)LE] dt + 1, LgdWs (19)

al; = [e,Lg — (ay + p)Li]dt + L, dWs  (20)
dlg = [a Ly — pyLeldt + 1y, LgdW, (21)

o, HsT;  o5HgL;  ogHsH,
dHg = [n - - - — uyH
s H Ny N, N, Hls
+ wHg [ dt + nyHedWy (22)
o,HsT;  o5HsL;  ogHgH,
dHy = [ - H
E Ny + N, + N, (ey + uy)Hg

+ Ny HegdWy  (23)

dH; = [eyHg — (uy + ay + 6y)H,]dt
+ Ny, HidWio (24)

dHg = [ayH; — (uy + w)Hg]dt

+ N HpdWi4 (25)
Table 2 Description of Stochastic Noise Terms
Symbol Description
Nro N M1, Noise intensities associated with susceptible, exposed, and infectious tick compartments
Wi, Wa, Ws Independent Wiener processes associated with the tick compartments

an' r]LE' r]L]' r]LR
W4, Ws, W6, W7

compartments

Noise intensities associated with susceptible, exposed, infectious, and recovered livestock

Independent Wiener processes associated with the livestock compartments
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Symbol Description

Noise intensities associated with susceptible, exposed, infectious, and recovered human

Mg Migr My Mg compartments

Ws, Wo, W1, W4, Independent Wiener processes associated with the human compartments

D. Numerical Approximation Using the Milstein
Scheme
The stochastic CCHF model was
approximated using the Milstein scheme. Let
X(t) = (TSr TE! TI! LS! LE! LI! LR! HS! HE! HI! HR)T

numerically

denote the state vector. The stochastic model can be
written in vector form as

dx(®) = f(X(@®), )dt + G(X(®))dw (v), (26)

where  f(X,t) is the drift vector, W(t) =
(W, (), Wy (2), ..., W;1(£) )T is a vector of independent
Wiener processes, and G(X) is the diffusion matrix.
Environmental stochasticity was incorporated through
multiplicative compartment-level perturbations.
Consequently, the diffusion matrix is defined as

G(X) = diag (TITSTS: NreTe N1, T NigLs Mugles M, Ly

NipLrNugHs, Mg Hey Ny Hy Mg He )- (27)
For each compartment,
gi (X)) = nx,X;,

and therefore
g—‘;‘i= Ny, and ZT‘Q;= 0,i # j.
Hence, the Jacobian matrix of the diffusion coefficient is
Jey = diag (Mrg, Mg Nrp Nig i Moy Mg

Nhg MHg MHp MHR)- (28)
Because the diffusion matrix is diagonal and each
compartment is driven by an independent Wiener process,
all off-diagonal partial derivatives vanish. Consequently,
the Jacobian matrix reduces to a diagonal matrix whose
entries are the corresponding noise intensities. This
considerably simplifies the Milstein correction term and
eliminates the need for cross-derivative contributions.
For a time step At, the Wiener increments satisfy
AW, = Wi(tn1) — Wiltn) ~ N(0, 4t),

i=1,...,11. 29)
The Milstein discretization of the stochastic CCHF model
is therefore

L Xns1 = Xn + f (X, t)At + G (X)) AW,

+ 2 Jo oo GX)[(AW;)? — At] (30)
The stochastic model was simulated over a period of 1095
days (three years). To quantify stochastic variability,
multiple independent realizations were generated and the
median trajectory together with the Sth and 95th percentile
envelopes were computed for each compartment.

E. Positivity and Stability Analysis
The positivity of the stochastic system was analysed
to ensure biological feasibility.

The model remains strictly positive for all time
provided all initial conditions satisfy

T5(0), T¢(0), T;(0), Ls(0), Lg(0), L;(0),
L (0), Hs(0), Hg(0), H;(0), Hg(0) > 0 (€1))

The disease-free equilibrium was analyzed using the
Jacobian matrix.

The system is locally asymptotically stable whenever:
(Van Den Driessche and Watmough, 2002)

Ry <1 (32)
Detailed derivations are provided in the appendices.

F. Basic Reproduction Number

The basic reproduction number is defined as the
expected number of secondary infections generated by
one infected individual in a fully susceptible
population (Van Den Driessche & Watmough, 2002).

Let
Y = (TE‘ T;, Lg, L;, Hg, H])T

denote the infected-state vector. By separating new
infection terms from all other transition terms, the
transmission matrix F and transition matrix V are
constructed and evaluated at the disease-free
equilibrium. The next-generation matrix is then given
by K=Fv1,

and the basic reproduction number is defined as the
spectral radius

Ry =p(FV™1. (33)

The detailed derivation of the matrices F and V and the
computation of the spectral radius are provided in
Appendix II. Analysis of the eigenvalues of the next-
generation matrix shows that the transmission dynamics
naturally decompose into two epidemiologically distinct
pathways. The first pathway corresponds to the coupled
tick—livestock transmission cycle, while the second
pathway corresponds to direct human-to-human
transmission. Consequently, the overall reproduction
number is determined by the dominant transmission
pathway and is given by

R, = max{REL, RY} (34)
Where
R — A+VAZ+4D 35)
2
And e
IR e m D
With A=t @37
and oi103€ere,
= G e @t e (38)

RILrepresents the reproduction potential generated by
the tick—livestock transmission cycle, including both
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horizontal transmission and vertical transmission in ticks.
In contrast, RY represents the reproduction potential
associated with direct human-to-human transmission.
Since sustained disease persistence can occur through
either pathway, the overall threshold is determined by the
larger of these two quantities.
The disease-free equilibrium is stable when Ry < 1 and
unstable when Ry > 1 (Van Den Driessche & Watmough,
2002)

1II. MATERIALS AND METHOD
A. Study Area and Spatial Data

The study was conducted in Uganda using
administrative district boundaries at the ADM2 level.
District-level spatial units were used to evaluate
geographically varying transmission potential and generate
district-based risk maps. This spatial scale was selected
because it provides sufficient geographic detail while
remaining consistent with available climate and
epidemiological datasets.

B. Climate Data Sources and Processing

Daily climatic variables were obtained primarily from
ERAS-Land reanalysis datasets (Muifioz-Sabater et al.,
2021; Soci et al., 2024). Temperature and relative humidity
were extracted and used to compute vapor pressure deficit
(VPD), which served as a key climate-dependent driver in
the tick lifecycle model. CHIRPS precipitation data were
used as supporting environmental reference where relevant
(Funk et al., 2015). These climatic variables were processed
at district level and linked to spatial units for model
parameterization.

C. Tick Lifecycle Parameterization

Climate-dependent tick lifecycle functions were
parameterized using published ecological relationships
(Randolph and Rogers, 2007; Estrada-Pefia, Martinez Avilés
and Mufioz Reoyo, 2011; Ogden, Mechai and Margos,
2013). Key biological and climate-dependent parameters
were adapted from published Hyalomma ecological studies
as describe in table 3.

Table 3 Key biological and climate-dependent parameters incorporated into the tick lifecycle model

Reference

6,500 eggs per female (mean from 100 engorged

day™);
ur = M,/100; equivalent in kPa: M, = 14.3 +

M, = 108.325 — 3.848T + 1.414VPD

(cumulative % over T;); M; = 16.1 + 0.814T —
0.21VD (% day™"); M,, = 51.4786 + 1.525T —
0.22VPD(cumulative % overTy,); daily rates:
tg = M./(100 - Ty), p; = M;/100, p, =M,/

dk(T) = ay /(T — Toy)for T>Tyy; To=7 °C for
all stages; a,= 130, a;= 160, a,= 140 (degree-
day constants); ranges: d.€ [10, 30], d;€ [20,

f(T) = rpax - (T — Tin) (Tax — TYV?;
Trmin = 7°C, Tipgx = 40°C, Type = 28°C, Ty =

Parameter Description Functional form / Value
br Oviposition rate (eggs
per female) females weighed in laboratory)
ur(T,VPD) Adult tick mortality M, = 14.3 + 0.792T — 0.14VPD(%
rate (day ™)
0.792T —1.4-VPD
U.(T,VPD), Egg, larval, and
w,(T,VPD), nymph stage
un(T,VPD) mortality rates (day™)
(100 - T,,)
de,d;, dy Egg, larval, and
nymph
developmental
durations (days) 601, d,, € [15, 40]
AT) Temperature-
dependent
development rate 0.10day*
(day™)
s(T, VPD) Climate-dependent

survival  probability
(dimensionless)

s(T,VPD) = s1(T) - sy(VPD); sy = exp(—ar -
(T — Teopny)?), ar= 0.003 °C % s,= exp(—ay -
VPD), ay= 0.15 kPa!; optimal temperature
Tiopt) = 28°C

Estrada-Pena et
al. (2011)

Estrada-Pena et
al. (2011

Estrada-Pena et
al. (2011)

Randolph &

Rogers (2007);
Estrada-Pefia et
al. (2011)

Briére et al
(1999); Estrada-
Pefia et al. (2011)

Estrada-Pefia et
al. (2011);
Randolph &
Rogers (2007)

The temperature-dependent development rate f(T)

developmental  thresholds

reported  for

follows the Briére function (Briere et al., 1999), with
parameters T, = 7°Cand Tp,,, = 40°C calibrated to the

marginatum (Estrada-Pena, Martinez Avilés and Mufioz
Reoyo, 2011). Tick mortality parameters were taken directly
from the linear regression equations fitted by Estrada-Pefia
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et al. (2011). Survival probability s(T, VPD) is expressed as
the product of a Gaussian temperature response and a
negative exponential vapor pressure deficit response,
adapted from the empirical relationships in Estrada-Pefia et
al. (2011) and the desiccation principles discussed in
Randolph and Rogers (2007), and captures the unimodal
dependence of tick activity on temperature alongside the
monotonic decline in survival under increasing atmospheric
dryness.

These functional forms were evaluated at each daily time
step using ERAS-Land temperature and computed vapor
pressure deficit for each district, and the resulting time-
varying tick parameters were passed to the Milstein
integration scheme to drive climate-dependent tick dynamics
over the simulation horizon.

D. Numerical Simulation Procedure

The stochastic model was simulated numerically over a
period of 1095 days (three years) to capture multi-seasonal
tick generation cycles and long-term disease persistence
behaviour. The Milstein scheme was applied with a fixed
time step of At=0.5 days. Initial conditions were set to
represent a low-level endemic state at the start of the
simulation, consistent with the epidemiological context of
CCHF in Uganda. The numerical values used in all
simulations are reported in Table 4. These values were
selected on the basis of the analytical endemic equilibrium
derived from the model equations, ensuring that the
simulation begins near a biologically plausible endemic state
rather than an arbitrary starting point.

Table 4 numerical values used in all simulations

Variables Initial value
Susceptible ticks (T5(0)) 5,188
Exposed ticks (Tz(0)) 53
Infectious ticks (7;(0)) 1,062
Susceptible livestock (Lg(0)) 988
Exposed livestock (Lg(0)) 329
Infectious livestock (L;(0)) 631

—&— Milstein

Euler-Maruyama

0™

Relative error

2 x 10-2

3 x 102
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Recovered livestock (Lg(0)) 3,680

Susceptible humans (Hs(0)) 1,256
Exposed humans (H P (0)) 52
Infectious humans (H,(0)) 23
Recovered humans (Hg(0)) 191

The simulation outputs included, host and vector
trajectories, prevalence indicators, incidence,
seasonal variation.

These outputs were used to evaluate temporal
dynamics under stochastic environmental forcing.

A. Milstein Convergence Verification

To assess the numerical reliability of the stochastic
simulations, a step-size sensitivity analysis was
performed by comparing the Milstein scheme with the
Euler—Maruyama  method.  Simulations  were
conducted using decreasing time-step sizes (At=0.10,
0.05, 0.025, and 0.0125), and the relative numerical
errors were computed with respect to a high-
resolution reference solution.

Figure 2 illustrates the relationship between the
relative error and the time-step size for both numerical
schemes. As expected, the numerical error decreased
as the time step was reduced. The estimated
convergence slopes were approximately 1.401 for the
Milstein scheme and 0.613 for the Euler—Maruyama
scheme.

These results are consistent with the theoretical strong
convergence orders of 1.0 for the Milstein method and
0.5 for the Euler—Maruyama method. Furthermore,
the Milstein scheme consistently produced lower
numerical errors than Euler-Maruyama for all tested
time-step sizes. This confirms the suitability of the
Milstein approximation for the stochastic CCHF
model and supports the reliability of the numerical

Step-sizesensitivity: Milgieim ktfors TéfRortedrina this study.

ax10-2 6= 10-2

Time step AC

Figure 2 Step-size sensitivity analysis and convergence comparison between the Milstein and Euler—Maruyama

TRk MiTH5iP Srehod aidthiisdawpianeserieal errorsaneta hihabsoRsiganse (iticewtistent Wélgls Ram)
eleven-dimensional stochastic system wdbcovghigabationgorder QineRY PYER6R-3.11. Each individual stochastic realisation
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over the 1095-day horizon with At=0.5 days required
approximately 0.8 seconds of wall-clock time. Generating
the full ensemble of 300 independent realisations required
approximately four minutes per scenario, and the complete
analysis including both parameter scenarios, sensitivity
analysis, and spatial risk mapping was completed within
approximately fifteen minutes. These runtimes confirm that
the Milstein implementation is computationally feasible for
the purpose of ensemble-based uncertainty quantification
and scenario analysis. The time step At=0.5 days was
selected on the basis of the convergence analysis presented
in Section III.F, which demonstrated that this value provides
a satisfactory balance between numerical accuracy and
computational efficiency for the present model.
B. Spatial Risk Mapping and Preliminary
Validation

Climate-driven transmission potential was estimated at
district level using Ry(s), where s denotes geographic
location. District values were mapped using R tools to
produce spatial risk maps. For preliminary validation,
districts with reported CCHF occurrence were compared
qualitatively with model-based classifications (Omoga et
al., 2023; Balinandi et al., 2024; Zalwango et al., 2024). This
approach provided a first-level comparison between
observed occurrence and predicted climate-driven
transmission risk. To complement the qualitative
comparison, a simple binary agreement score was
calculated as the ratio between matching district
classifications and the total number of districts compared.
This metric provides an interpretable first-level measure of
consistency between reported CCHF occurrence and
model-predicted spatial risk.

C. Spatial and Climatic Considerations

Although the mathematical model does not explicitly
include spatial diffusion or host mobility, spatial
heterogeneity is incorporated through climate-driven
parameterization. Environmental variables at district level
modify tick recruitment, mortality, development and
transmission coefficients (Estrada-Pefla, Martinez Avilés
and Muifioz Reoyo, 2011; Ogden, Mechai and Margos,
2013). This indirect spatialization allows computation of
district-specific ~ epidemiological  indicators  while
remaining computationally efficient. The resulting
framework enables climate-informed mapping of
transmission potential and identification of high-risk
districts where environmental conditions favor sustained
CCHF transmission.

D. Uncertainty and Sensitivity Analysis

To quantify the influence of parameter uncertainty on
the basic reproduction number, a global sensitivity analysis
was performed using Latin Hypercube Sampling (LHS)
coupled with Partial Rank Correlation Coefficients
(PRCCs). Parameter values were sampled from the
biologically plausible ranges reported in Table 5. A total of
1000 parameter sets were generated using LHS and
propagated through the analytical expression of the basic
reproduction number (Ry;). PRCC values were
subsequently computed to assess the relative influence of
each parameter on (R,). Parameters with large positive
PRCC values increase disease transmission, whereas
parameters with large negative PRCC values reduce
transmission.

Table 5 Parameters and ranges used in the LHS sensitivity analysis

Parameter Range Unit Reference
bl [0.5,1.5] Livestock/Time Mpeshe et al. (2011)
T [0.5,1.5] Human/Time Mpeshe et al. (2011)
T [0.5,3.5] Tick/Time Sutton et al. (2012)
L [1/3600, 1/360] 1/Time Mpeshe et al. (2011)
Ha [1%%6;1%(3’ 1/Time Mpeshe et al. (2011)
in [1/365, 1/30] 1/Time Mpeshe et al. (2011)
. Matser et al. (2009); Shayan et al.
e [1/3,1] 1/Time (2015)
el [1/5,1/3] 1/Time Matser et al. (2009)
€n [1/9, 1] 1/Time Shayan et al. (2015)
€ [0.14, 0.20] Number Matser et al. (2009)

@ [1/21, 1/14] 1/Time

Hoch et al. (2018)
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Parameter Range Unit Reference

Oh [1/21, 1/15] 1/Time Shayan et al. (2015)

G1 [0.11, 0.33] Number Matser et al. (2009)

G2 [0.01, 0.04] Number Matser et al. (2009)

o3 [0.13, 0.71] Number Matser et al. (2009)

G4 [0.25, 0.375] Number Kriesel et al. (2009)

Gs [0.001, 0.002] Number Mpeshe et al. (2011)

Gs [0.26, 0.75] Number Mondal et al. (2017)

& [0.3, 0.8] 1/ Time Schuster et al. (2016); Shayan et al.

(2015)

Iv. RESULTS AND DISCUSSION

Numerical simulations were performed using the
Milstein stochastic scheme to evaluate the behaviour of the
proposed climate-driven CCHF transmission model under
environmental variability (Kloeden and Platen, 1992). A
total of 300 independent stochastic realisations were
generated over a three-year (1095-day) simulation horizon to
characterise the uncertainty induced by multiplicative
environmental noise. Two parameter scenarios were
examined: an endemic scenario representing conditions
consistent with observed CCHF persistence in Uganda
(Ro = 2.42), and a sub-threshold scenario representing
unfavourable environmental conditions under which disease
extinction occurs (Ry = 0.70). Both scenarios were
initiated from identical starting conditions to ensure that
observed differences in long-term behaviour reflect
parameter-driven dynamics rather than differences in initial
infection levels.

A. Endemic Scenario: Seasonal Persistence and
Stochastic Variability
Under the endemic parameterisation (Ro = 2.42), the

deterministic model converges to a stable endemic regime

characterised by sustained seasonal oscillations across all
compartments. Figure 3(a) presents the temporal evolution
of the total infectious burden Z(t) = T; + L; + H; over the
three-year simulation period. The deterministic trajectory
exhibits a pronounced bimodal seasonal pattern consistent
with Uganda's two rainfall seasons, with Z(t) oscillating
between a trough of approximately 1,320 and a peak of
approximately 2,993 infectious individuals across the tick,
livestock, and human populations combined.

The stochastic realisations generate substantial
variability around the deterministic trajectory. The 5th—95th
percentile interval spans from approximately 1,180 to 2,501
at the end of the simulation horizon (day 1,095), confirming
that environmental stochasticity introduces considerable
uncertainty in disease burden predictions even when the
long-term mean dynamics are well characterised. The
stochastic median remains close to the deterministic
trajectory throughout, consistent with the theoretical
behaviour of multiplicative noise systems in which the
median provides a robust central estimate (Mao, 2007). None
of the 300 stochastic realisations reached the extinction
threshold Z(t) < 1 over the three-year horizon, confirming
that Ro > 1 produces robust disease persistence even under
environmental fluctuations.
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Figure 3 Total infectious burden Z(t) = T; 4+ L; + H;over the three-year simulation horizon under (a) the endemic scenario
and (b) the sub-threshold scenario. Lines show the deterministic trajectory and stochastic median; shaded bands show the 5th—
95th percentile envelope across 300 stochastic realisations. (¢)—(d) Corresponding empirical extinction probability over time

for the endemic and sub-threshold scenarios, respectively.

Figure 4 presents the tick compartment dynamics.
Susceptible ticks Tgexhibit pronounced bimodal seasonal
oscillations driven by climate-dependent recruitment,
ranging from a trough of approximately 1,500 to a peak of
approximately 5,500 individuals. Exposed ticks Tp and
infectious ticks T; follow the same seasonal rhythm with a
characteristic developmental lag, with infectious ticks
peaking at approximately 2,375 individuals near day 897 and
declining to a seasonal trough of approximately 713 near day

400. These oscillations directly reflect the influence of
temperature and vapor pressure deficit on tick development
and survival, incorporated through the climate-forcing
function (Estrada-Pefia, Martinez Avilés and Muifloz Reoyo,
2011; Ogden, Mechai and Margos, 2013). The stochastic
uncertainty band on T;is wide relative to the mean,
indicating that tick infection prevalence is highly sensitive to
environmental perturbations, with direct implications for the
timing and intensity of spillover events to livestock and
humans.
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Sub-threshold (Ry = 0.70)
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Figure 4 Tick compartment dynamics under the endemic and sub-threshold scenarios. (a)-(b) Susceptible ticks Ts;(c)-(d)
Exposed ticks Tg; (e)-(f) Infectious ticksT;. Shaded bands show the 5th-95th percentile envelope across 300 stochastic

realisations.

Figure 5 presents the livestock compartment dynamics.
Susceptible livestock Lg undergo a sharp initial decline from
the starting value before settling into a low seasonal
oscillation between approximately 450 and 700 individuals,
reflecting the continuous depletion of the susceptible pool by
sustained tick-to-livestock transmission pressure. Exposed
livestock Lj stabilise at approximately 329 individuals,
while infectious livestock L; maintain an endemic level of

approximately 597, confirming the role of livestock as the
principal amplifying host in the CCHF transmission cycle.
The recovered livestock compartment Lp is the largest
among the infected classes, reflecting the predominantly
subclinical nature of CCHF in ruminants and the
accumulation of immune individuals over time (Bernard et
al., 2022). The wide stochastic uncertainty band on L; and Ly
reflects the amplification of tick infection variability through
the tick-to-livestock transmission pathway.
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Figure 5 Livestock compartment dynamics under the endemic and sub-threshold scenarios. (2)-(b) Susceptible livestock
Lg; (c)-(d) Exposed livestock Lg; (e)-(f) Infectious livestock L;; (g)-(h) Recovered livestock L. Shaded bands show the
5th-95th percentile envelope across 300 stochastic realisations.

Figure 6 presents the human compartment dynamics.
Susceptible humans Hg decline gradually from the initial
value before stabilising near 850-950 individuals with
modest seasonal fluctuation. Exposed humans Hg remain
comparatively low throughout, reflecting the short
incubation period before progression to the infectious class.
Infectious humans H; maintain a stable endemic level of

approximately 27 cases, substantially lower than L;,
consistent with the spillover character of human CCHF
infection and the lower probability of tick-to-human and
livestock-to-human transmission incorporated through o
and os. The stochastic uncertainty on H; spans approximately
15 to 55 cases throughout the simulation horizon,
highlighting variability in human case burden that cannot be
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captured by deterministic models alone. Recovered humans
Hjy accumulate progressively, indicating the development of
population immunity over time. Taken together, the endemic
compartment dynamics confirm that the proposed model
reproduces biologically realistic CCHF transmission
patterns, with the ordering T;> L;>> H; reflecting the tick-
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reservoir, livestock-amplifier, human-spillover transmission
hierarchy characteristic of CCHF epidemiology (Bhowmick
et al., 2022).

Sub-threshold (R, = 0.70)
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Figure 6 Human compartment dynamics under the endemic and sub-threshold scenarios. (a)-(b) Susceptible humans Hg;
(¢)-(d) Exposed humans Hg; (¢)-(f) Infectious humans H;; (g)-(h) Recovered humans Hy. Shaded bands show the 5th-
95th percentile envelope across 300 stochastic realisations.
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B. Sub-threshold Scenario: Disease Extinction Under
Unfavourable Conditions

To numerically verify the extinction conditions derived
analytically in Appendix III, a sub-threshold parameter
scenario was examined under conditions of high
environmental stress on tick populations. Under these
conditions the basic reproduction number falls to Ro = 0.70,
placing the system below the epidemic threshold. The sub-
threshold scenario was initiated from identical starting
conditions to the endemic scenario, so that observed
differences in outcome are attributable solely to the
parameter change. Figure 3(b) presents Z(t) under the sub-
threshold scenario. The deterministic trajectory declines
monotonically from the initial value of 1,716 infectious
individuals, crossing the extinction threshold Z(t) = 1 within
approximately 150 days and converging to zero thereafter.
The stochastic realisations follow the same declining
trajectory, with the Monte Carlo median closely tracking the
deterministic solution. In contrast to the endemic scenario,
the stochastic uncertainty band narrows progressively as
infection levels decline, reflecting reduced multiplicative
noise contributions as compartment sizes approach zero.

Figures 4(b), (d), and (f); 5(b), (d), (f), and (h); and 6(b),
(d), (f), and (h) present the tick, livestock, and human
compartments under the sub-threshold scenario. Exposed
and infectious ticks both decay rapidly to near zero within
the first 100 days, removing the primary source of infection
pressure on livestock and humans. Exposed and infectious
livestock follow with a short delay, declining to extinction
by approximately day 200; exposed and infectious humans
extinguish within approximately 100 days, consistent with
the low human exposure rates incorporated through o4 and
os. Recovered livestock and recovered humans exhibit

1.0 1

characteristic hump-and-decay profiles, rising initially as
previously exposed individuals recover and then declining as
no new infections replenish the classes.

Notably, the susceptible compartments behave very
differently from the infected classes under sub-threshold
conditions. With infection pressure collapsing, susceptible
ticks, livestock, and humans are no longer continuously
depleted, and each compartment grows toward its disease-
free demographic equilibrium. Susceptible livestock and
susceptible humans in particular do not reach this new
equilibrium within the three-year simulation horizon, still
rising at day 1,095, reflecting the comparatively slow
demographic turnover of these host populations relative to
the much faster epidemic fade-out timescale of
approximately 200-300 days.

Figure 7 presents the empirical extinction probability
estimated from the 300 stochastic realisations, with
extinction defined as Z(t) =T;(t) + L;(¢t) + H;(t) <
1. The extinction probability remains negligible during the
first 100 days, while the initial infectious burden is still
substantial. A rapid transition follows, with the extinction
probability reaching 50% at approximately day 174, 90% at
approximately day 220, and 99% at approximately day 274.
By the end of the simulation horizon, all 300 stochastic
realisations had reached the extinction threshold, yielding an
empirical extinction probability of 100%. This constitutes
direct numerical confirmation of the analytical extinction
condition established in Appendix III: when Ro < 1,
environmental stochasticity accelerates disease fade-out
rather than sustaining infection above the extinction
threshold.
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Figure 7 Empirical extinction probability over time for the sub-threshold scenario, estimated from 300 stochastic
realisations.
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C. Comparison of Scenarios and Implications for
Disease Control

The contrast between the two scenarios in Figure 3
illustrates the critical role of Ro as a threshold parameter
governing long-term CCHF dynamics. Under endemic
conditions (Ro = 2.42), sustained seasonal transmission
persists across all three host populations over the full three-
year horizon, with environmental stochasticity producing
substantial but bounded variability around the endemic
regime. Under sub-threshold conditions (Ro = 0.70), the
identical initial outbreak declines to extinction within
approximately 200-300 days regardless of the stochastic
realisation, with disease fade-out occurring faster in the
stochastic system than the deterministic trajectory alone
would suggest, due to the amplification of extinction events
by environmental noise.

These findings carry direct implications for CCHF
surveillance and control in Uganda. The endemic scenario
parameters, which incorporate realistic Ugandan tick
biology and transmission rates, produce persistent year-
round human case burdens with pronounced seasonal peaks
corresponding to Uganda's bimodal rainfall pattern.
Interventions that sufficiently reduce tick survival or
eliminate vertical transmission pathways to bring Ro below
unity would, according to these results, drive disease
extinction within approximately six to nine months even
when initiated during active transmission. These targets may
be achievable through sustained acaricide application and
livestock management practices timed to the dry seasons,
which correspond to minimum tick activity and lowest
seasonal values of the climate-forcing function (Estrada-
Pefa, Martinez Avilés and Muifioz Reoyo, 2011; Ogden,
Mechai and Margos, 2013).

The stochastic framework developed here captures
variability in outbreak magnitude that deterministic models
cannot reproduce. As demonstrated by the wide 5th-95th
percentile intervals in Figures 4-6, the human infectious
burden H_I can vary by a factor of approximately three to

Figure 8 Spatial distribution of the climate-driven basic
reproduction number R,(s) across Uganda at ADM?2
district level. Districts with Ry(s) > 1 represent areas
where environmental conditions may support sustained
CCHF transmission.

E. Spatial Uncertainty Analysis
To quantify uncertainty in the spatial transmission risk
estimates, a Monte Carlo uncertainty propagation analysis
was performed for each district. District-level reproduction

four around the deterministic prediction under realistic
environmental noise. This has direct implications for health
system preparedness: surveillance systems calibrated solely
to the deterministic endemic equilibrium would
systematically underestimate peak outbreak risk during
periods of stochastic amplification, and overestimate
baseline case burden during unfavourable periods.
Integration of stochastic uncertainty bounds into CCHF
surveillance thresholds would therefore improve the
sensitivity and specificity of early warning systems in
Uganda and similar endemic settings (Zalwango et al., 2024;
Balinandi et al., 2024).

D. Spatial Distribution of  Climate-Driven

Transmission Risk.

Figure 8 presents the spatial distribution of climate-
driven transmission potential. The results reveal substantial
spatial heterogeneity. Several districts exhibit values of
Ry(s) > 1, indicating environmental conditions favorable
for sustained transmission. Higher-risk districts are
concentrated primarily in central Uganda, with moderate
transmission potential extending into some neighbouring
southern districts, whereas lower transmission potential is
observed across much of northern and northeastern regions.
These spatial differences reflect the influence of localized
climatic conditions on tick survival, development, and
host-contact processes.

The spatial analysis demonstrates pronounced
heterogeneity in district-level transmission potential.
Similar spatial variability has been reported in previous
epidemiological studies and is closely associated with
climatic suitability, livestock distribution, and vector
ecology (Omoga et al, 2023; Balinandi et al., 2024;
Zalwango et al., 2024). The resulting spatial map provides
a climate-informed representation of district-level CCHF
transmission risk and identifies priority areas for
surveillance and targeted intervention.

numbers were repeatedly sampled within the prescribed
uncertainty bounds and the probability that the climate-
driven reproduction number exceeded the epidemic
threshold was estimated as P(Ry(s) > 1).

Figure 9 presents the resulting uncertainty map.
Districts were classified according to the probability of
sustaining transmission under parameter uncertainty.
Several districts located in central and northwestern
Uganda exhibited very high probabilities of satisfying
(Ry(s) > 1), indicating that favorable transmission
conditions remained robust across uncertainty realizations.
In contrast, many districts in eastern and southwestern
Uganda displayed lower probabilities, suggesting weaker
support for sustained transmission under uncertain
conditions.

Compared with the deterministic spatial map, the
probabilistic representation provides additional
information regarding the confidence associated with
district-level risk estimates. Districts characterized by high
values of P(Ry(s) > 1) represent areas where transmission
suitability —remains consistently elevated despite
uncertainty in model parameters and climatic inputs. These
areas may therefore constitute priority locations for
surveillance and targeted intervention.
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Figure 9 District-level probability that the climate-driven
reproduction number exceeds the epidemic threshold,
P(Ry(s) > 1), through Monte Carlo
uncertainty propagation. Darker colors indicate districts
where sustained transmission remains likely across a
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larger proportion of uncertainty realizations.

F. Spatial Validation of Climate-Driven Risk
Predictions

To evaluate the consistency between model predictions
and observed CCHF occurrence, reported outbreak records
were compared with districts classified as high-risk
according to the climate-driven reproduction number.
Districts were classified as high-risk when their climate-
driven reproduction number exceeded 1 (Ry(s) > 1). A
binary agreement analysis was performed using a
confusion matrix comparing observed outbreak occurrence
and model-predicted risk classification. The resulting
validation metrics yielded an overall agreement score
(accuracy) of 79.6%, with a sensitivity of 71.1% and a
specificity of 79.9%.

Several districts were classified as high-risk despite the
absence of reported outbreaks. These apparent false

positives should not necessarily be interpreted as model
failures. The climatic suitability represented by
(R,) reflects the potential for sustained transmission if the
virus is introduced, whereas observed outbreaks
additionally depend on surveillance intensity, pathogen
introduction events, livestock movement, human exposure
patterns, and reporting capacity. Consequently, districts
predicted as high-risk but lacking reported outbreaks may
represent areas of latent transmission potential that warrant
enhanced surveillance and monitoring.

While a full retrospective temporal calibration against
specific outbreak years was not possible due to the absence
of publicly available weekly or monthly CCHF case-count
time series for Uganda, the spatial validation provides a
meaningful consistency check for the model's predictions.
As a specific example, the Rakai district outbreak of 2022,
one of the most clearly documented recent CCHF events in
Uganda (Balinandi et al., 2024; Zalwango et al., 2024)
corresponds to a district classified as high-risk (Ro(s) > 1)
in the climate-driven spatial analysis, consistent with the
model's prediction that environmental conditions in Rakai
are conducive to sustained CCHF transmission. Similarly,
the Nakaseke and Kyankwanzi outbreaks of 2018 and 2024,
respectively, are located within districts identified as high-
risk in the spatial risk map. These qualitative agreements
provide preliminary support for the spatial risk
classification produced by the model. Full temporal
validation against retrospective case incidence data would
require systematic surveillance records at sub-annual
resolution, which currently represent a critical data gap for
CCHF in Uganda and are identified as a priority for future
research.

G. Global Sensitivity Analysis of R,
Figure 10 presents the PRCC values obtained from the
global sensitivity analysis of the basic reproduction
number Ry,.

Global Sensitivity Analysis of RO
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Figure 10 Global sensitivity analysis of the basic reproduction number Rybased on Latin Hypercube Sampling (1000
samples) and Partial Rank Correlation Coefficients (PRCCs)

The global sensitivity analysis identified tick mortality
(ur) as the most influential parameter affecting the basic
reproduction number, with a PRCC value of -0.946. This
strong negative association indicates that increasing tick
mortality substantially reduces disease transmission.
Among the transmission parameters, tick-to-livestock

transmission (g3) and livestock-to-tick transmission (o)
exhibited the strongest positive influence on Ro, with
PRCC values of 0.866 and 0.755, respectively. These
findings highlight the dominant role of the tick—livestock
transmission cycle in sustaining CCHF transmission.
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The livestock recovery rate (a;) showed a considerable
negative effect (—0.438), indicating that shortening the
infectious period of livestock can meaningfully reduce
transmission. Tick-to-tick transmission (o,) had a modest
positive influence (0.202). The vertical transmission
fraction (&) showed a small positive effect (0.023),
consistent with its role as an additive, dimensionless
contribution to the tick-to-tick component of Ro under the
corrected formulation. The remaining parameters including
Oy, 0s5,06,€x,€61,0y,0y, and the recruitment terms
m, Ty, T displayed weak effects on Ro ([PRCC| < 0.05),
indicating that overall transmission dynamics are primarily
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governed by the tick—livestock cycle rather than direct
human-to-human transmission or demographic turnover.

H. Climate-Driven Tick Lifecycle Dynamics

Climate-dependent tick lifecycle functions were
incorporated to examine how environmental forcing
influences vector dynamics and transmission potential.
Figure 11 presents the climatic forcing profiles used in the
simulations. Temperature exhibits moderate seasonal
variability throughout the year, whereas vapor pressure
deficit displays stronger fluctuations associated with
atmospheric dryness.
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Figure 11 Daily climatic forcing used in the model: (a) temperature and (b) vapor pressure deficit. These variables
regulate climate-sensitive tick development, mortality, and survival functions.

Figure 12 illustrates how these climatic variables
influence tick lifecycle parameters. Warmer periods
shorten development durations and accelerate transitions
between tick stages. Conversely, elevated vapor pressure
deficit increases desiccation stress and reduces survival
probabilities. These nonlinear environmental responses
introduce seasonal variability into vector abundance and
directly influence the force of infection exerted on
livestock and human populations. An important
contribution of the present study is the integration of

(a) Development durations
Adult duration

Larval duration

temperature and vapor pressure deficit dependent tick
lifecycle functions into a stochastic epidemiological
framework. This coupling provides a mechanistic
representation of how environmental forcing modifies
vector abundance and infection pressure over time, thereby
strengthening the connection between ecological vector
dynamics and epidemiological transmission processes
(Estrada-Pefa, Martinez Avilés and Mufioz Reoyo, 2011;
Ogden, Mechai and Margos, 2013).
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Figure 12 Climate-driven tick lifecycle parameters under realistic climatic forcing: (a) temperature-dependent
development and transition durations and (b) stage-specific survival probabilities regulated by temperature and vapor
pressure deficit.
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Overall, the results indicate that temperature and vapor
pressure deficit jointly regulate the timing and intensity of
vector-driven transmission. Favourable climatic periods
promote faster development and improved survival,
whereas dry conditions suppress vector persistence. These
climate-induced variations propagate through the
epidemiological system and generate pronounced seasonal
fluctuations in CCHF transmission potential across
Uganda. From a broader epidemiological perspective, the

findings demonstrate that environmental variability
strongly influences CCHF transmission, and that climate-
informed stochastic modelling provides a useful
framework for understanding disease dynamics,

identifying priority surveillance areas, and supporting
environmentally targeted intervention planning.

I.  Threshold-Based Control Implications

The analytical and numerical results of this study provide
a direct basis for threshold-informed CCHF control in
Uganda. The basic reproduction number Ro serves as the
primary decision variable: any combination of interventions
that reduces Ro below unity is sufficient to drive disease
extinction, as demonstrated by the sub-threshold simulation
scenario in Section IV.A. The sensitivity analysis (Section
II1.G) identifies tick mortality uras the parameter with the
strongest negative influence on Ro (PRCC = -0.946),
followed by tick-to-livestock transmission o3 (PRCC =
0.866) and livestock-to-tick transmission o1 (PRCC =
0.755). These results suggest that acaricide-based tick
control, which simultaneously increases effective tick
mortality and reduces tick-host contact rates, represents the
most efficient single-intervention lever for reducing Ro.

The spatial risk map (Section IV.C) identifies districts
where Ro(s) > 1 under current climatic conditions. These
districts represent priority targets for interventions. A
district-level decision rule derived from the model is: deploy
enhanced acaricide campaigns and livestock surveillance in
districts where P(Ro(s) > 1) > 0.70 (as estimated by the
Monte Carlo uncertainty analysis in Section IV.D), and
maintain baseline passive surveillance in districts where
P(Ro(s) > 1) <0.30. Districts in the intermediate range (0.30
< P(Ro(s) > 1) < 0.70) represent areas of uncertain
transmission suitability where targeted active surveillance
and seasonal tick monitoring would be most cost-effective.
The seasonal component of the model further suggests that
interventions timed to the onset of the primary Uganda
rainfall season (March—-May), when tick recruitment peaks
and Ro is at its seasonal maximum, would produce the
greatest reduction in peak transmission intensity.

From a resource allocation perspective, the spatial
uncertainty analysis provides a practical basis for prioritising
limited public health budgets. Of Uganda's 146 ADM2
districts analysed, approximately 30-40% were classified as
high-risk (P(Ro(s) > 1) > 0.70) under current climatic
conditions. Concentrating acaricide distribution, veterinary
surveillance, and community awareness programmes in this
subset of districts rather than deploying uniform national
coverage would reduce the required intervention footprint by
approximately 60-70% while targeting the areas where
climatic conditions most strongly support sustained CCHF
transmission. The tiered decision framework described
above provides a simple, model-derived basis for such
prioritisation that requires only district-level climate data as

input, making it operationally feasible within the existing
data infrastructure of the Uganda Ministry of Health and the
Ministry of Agriculture, Animal Industry and Fisheries. A
full cost-effectiveness analysis incorporating unit costs of
acaricide treatment per livestock head, cost per case averted,
and health system capacity constraints is identified as an
important direction for future work and would benefit from
collaboration with health economists and the Uganda One
Health platform (Zalwango et al., 2024).

V. LIMITATIONS OF THE STUDY

A limitation of the present study is that spatial
heterogeneity is represented through climate-dependent
parameterization at the district level rather than through
explicit spatial transmission mechanisms. The model does
not incorporate host mobility, livestock movement, tick
dispersal, or diffusion processes between districts.
Consequently, the generated maps should be interpreted as
indicators of geographically varying transmission potential
rather than predictions of spatial spread. Future work could
extend the framework by incorporating movement networks
or reaction diffusion processes to explicitly model disease
propagation across regions.

A further limitation of the present model is that
recruitment and natural mortality rates for livestock (7, u;)
and humans (g, yy) are treated as fixed constants rather
than climate-dependent quantities. In reality, livestock
reproductive cycles and neonatal mortality may exhibit
seasonal variation linked to rainfall and pasture availability,
while human mortality may be indirectly influenced by
climate-sensitive  health  determinants. Incorporating
seasonally varying demographic rates for livestock and
humans would require empirical data on seasonal birth,
death, and migration rates at district level in Uganda, which
are currently unavailable at the temporal and spatial
resolution required by this model. Furthermore, the
sensitivity analysis presented in Section III.G demonstrates
that m,and p; have relatively modest influence on Ro
compared with tick parameters (PRCC values below 0.35 in
absolute value), suggesting that the omission of climate-
driven demographic variation in these populations does not
substantially alter the principal conclusions regarding
climate-driven transmission dynamics. Future work
incorporating district-level demographic surveillance data
could extend the framework to include seasonally varying
host demographic rates.

A further limitation concerns the temporal resolution of
the climate inputs. ERAS5-Land reanalysis data were
obtained at daily temporal resolution, whereas tick
physiological processes, particularly questing activity,
desiccation survival during off-host periods, and
developmental stage transitions, respond to sub-daily
microclimatic variability at hourly scales (Randolph and
Rogers, 2007; Estrada-Pefia, Martinez Avilés and Mufioz
Reoyo, 2011). The use of daily aggregated temperature and
vapor pressure deficit values may smooth out extreme
diurnal conditions that influence tick population dynamics,
potentially leading to underestimation of variability in
climate-driven transmission rates during periods of high
thermal or desiccation stress. Future work incorporating
hourly microclimate data, where available, would improve
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the biological realism of the tick lifecycle functions and
reduce this source of model uncertainty.

VL CONCLUSION

This study presented a stochastic and climate-driven
compartmental model for Crimean-Congo haemorrhagic
fever (CCHF) transmission involving ticks, livestock, and
humans in Uganda. The results demonstrate that climatic
conditions, particularly temperature and vapor pressure
deficit, strongly influence tick development, survival, and
activity, thereby affecting transmission intensity across
temporal and spatial scales. The stochastic formulation
reproduced biologically realistic fluctuations and
highlighted the role of environmental uncertainty in the
persistence and extinction of infection. The spatial analysis
further revealed significant heterogeneity across districts,
with several locations exhibiting elevated transmission
potential. These findings emphasize the importance of
integrating climatic variability into epidemiological
models for improved disease surveillance and intervention
planning. From a public health perspective, the results
suggest that surveillance and control measures should
consider both seasonal and spatial patterns of vector
activity. Prioritizing high-risk districts and critical climatic
periods may improve response efficiency. Despite
limitations related to the absence of explicit spatial
diffusion mechanisms and incomplete surveillance data,
the study provides a practical and biologically meaningful
framework for understanding CCHF transmission. Overall,
the integration of stochastic processes, climate-driven tick
dynamics, and spatial analysis represents an important
contribution toward environmentally informed surveillance
and control strategies for vector-borne diseases in Uganda
and provides a useful foundation for future climate-
informed CCHF preparedness and model calibration.
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APPENDIX I

Positivity of the System

Proposition

The stochastic CCHF transmission system remains
strictly positive for all t >0 provided the initial
conditions satisfy

TS(O)l TE (O)r T](O), LS(O)' LE(O)r L](O),
Lg(0), Hg(0), Hg(0), H,;(0), Hz(0) >0

Applying It6’s lemma to the logarithmic transformation
of a generic state variable X (t) gives

Derivation of the Basic Reproduction Number

In this appendix, the basic reproduction number (Ro) of
the deterministic CCHF model is derived using the next-
generation matrix method. The infected-state vector is
defined as

X = (TE‘ Ty, Lg, Ly, Hg, HI)T
The infected subsystem is given by

dTE _ UlTSLI " JszTI

— - +er)T
dt N, Ny (ur +ep)Tg
dT, en;T,;
ar Ny +erTy — purTy
ar N, — (e, +u)lg
dL;
at =e. Ly — (o, +p )l
ZE _ H
dt N, + N, + N, (en + uy)Hg
dH,

a eyt — (ay + puy + 6x)H;
Step 1: Disease-free equilibrium

At the disease-free equilibrium, all infected
compartments vanish:

TE *= TI *= LE *= LI *= HE *= HI = (),

With these values we have:

T s T
Te=—L, Li=-%, Hy =2
Ur 1253 Uy
Hence
T T
Ni=Tf =—, Ny =1L =—=,
Hr U
3
N;=H:=-2
Hu
Therefore,

1

axz (@

1
d(in X) = 7 dX ~

Since the drift and diffusion coefficients are locally
Lipschitz and the stochastic perturbation preserves
positivity, it follows that the logarithmic trajectories
remain finite for all t > 0. Therefore,

X®) >0, t>0

for all state variables of the system. O

APPENDIX II
Ts _ T_s* _ Tl
N ' N ugm’
ﬁ _ T lhT H_s* _ TylUr
N; wmr’ N7 uymr’
H_s* _ Tty Hg

=1

N - pymy’ Ny

Step 2: Decomposition into new infection and
transition terms

The infected subsystem is written as x' = F(x) —
V(x),where F(x)collects all mechanisms that produce
new infections, horizontal transmission and, in the tick
compartment, vertical transmission and V(x)collects
progression, recovery, and mortality terms.

U1TSL1+02TST1
N, Np
enrT;
Ny
F(x) = a3LsT;
Np
0
o,HT;, osHqL oHsH,
751 Oslishr | OeTlsh
Ny N, Ny
0

(ur +ep)Tg
urTy — erTg \
I (e + 1 )lg I
| (ap +u )l —elg |
\ (ey + 1u)Hg /
(ay +py + 6y)H; — eyHg

V(x) =

Step 3: Construction of the matrices F and V
0 <enTT,)
dT;\ N

All remaining entries follow from differentiating the
horizontal-transmission terms as before. With a =

o1y /(UrTy),

_ EMp
- *
NT

= ElUr
DFE

b = osmyur /(U ), ¢ = oamtypr/(UyTr),

d = osmyp/(UTL):
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0 oo 0 a 0 0 For a lower triangular matrix M =
/0 eur 0 0 O O\I [[a,0],[=b,c]],M™* = [[1/a,0],[b/(ac), 1/c]].
F_10 b 000 0]
lo 0 00 o0 ol Therefore,
\0 c 0 d 0 g / 1
0 0 00 0 0 / 0 \
Vol — ur +er
Y 0 0 0 0 0 ' \—eT - / ‘
Ur +er —
/ —er Ly 0 0 0 0 \l ur(ur +er) pr
] 0 0 e +u 0 0 0 | 1 0
[ o 0 —e a+u 0 0 [ V—l—/ e, + 1y \
\ 0 0 0 0  ey+uy 0 / L= \ e, 1 /
0 0 0 0 —eH @+ p + O (ap+u (e, +p) ap+p
Step 4: Inverse of V 1
o)
V is a block diagonal, V = diag (Vy, V,, Vy), with il = / ey + Uy
ey 1
+e 0 \ /
Vr = <uT_eT ’ #T)' (ay +uy +6y)(ey + 1y) ay +py + 0y
v (eL +u 0 ) and V' = diag(V; ™%, V.7 V™).
t -l apt Step 5: Computation of K =FV~!
- <eH + uy 0 )
7\ ey aytuy+dy
oyer g, ae; a
— 0 0
ur(ur +er) pur (ap+up)(e +p) ap+p
ce
d £ 0 0 0 0
ur +er
be b
K=| ——FT - — 0 0 0 0
ur(ur +er) pr
0 0 0 0 0 0
cer c de; d Ogey Og
ur(ur +er) pr (ap+wp)(ep+p) ap+p, (ay+py+6y)(ey +uy) ap+pn+ 51-1/
0 0 0 0 0 0
Step 6: Characteristic polynomial where
Since rows 4 and 6 vanish identically, A=0 is an Keokar = ab ereéL
; I : o 13631 = ap -
eigenvalue with eigenvectors es and es. Setting va=ve=0, ur(ur +ep)(ay + p)(ep + p)
the system decouples into a human-transmission block _ 0103€r€,L
(row 5) and a tick-livestock block spanning ur(ur +er)(ay + p)(ep + 1)
Tg, Ty, Lg(rows 1-3). Define =D
Koo = ozer 02 D depends only on the tick—livestock coupling
ey ter) R ug parameters o1, 03, and is therefore identical to the value
obtained without the vertical-transmission correction.
Ko = 2 Ky, = —2T Together with th ivial igenvalues i
13 = , 21 = , gether with the two trivial zero eigenvalues from rows
(o + ) (e + ) Hrt+er 4 and 6, and writing kss = O'GBH/((EH + uy)(ay +
ber b Myt 51-1))
kys =, k31=ﬁ: 32 =
Hriftr T er Hr for the human block, the full characteristic polynomial of
Kis

A direct check shows k12k21 = kllkzzalld k21k32 =
k22k31 (row 2 of the tick sub-block is proportional to row
1, since kp1/kq1 = ka2/k12 = €uyp/0,).Using these
identities, the 3x3 characteristic polynomial of the tick—
livestock block reduces to

A[A% = (kyq + €)A = ky3k31] =0

det(Al —K) = 23(A — kg5)[A2 — (kqq + €)1 — D]
Step 7: Eigenvalues of K

From the A* factor: Mi=A2=As=0. From the human-to-
human block: As=kss. From the tick—livestock block:
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(kyy + &) £ /(kyy + )2 +4D So
A5 = 2
Spec(K)
_Jooo Oy (kyg + &)+ (kg +8)2+4D (ki +6&)— (ki +€)2+4D
T (en +pa)(ay +py t+6y) 2 ' 2
This accounts for exactly six eigenvalues with no A= Oz8r e
multiplicity ambiguity, three zero eigenvalues, one ur(ur +er)
human-pathway eigenvalue, and two tick-livestock 0,05epe,

eigenvalues, consistent with the dimension of K.
Step 8: Spectral radius

The basic reproduction number is the spectral radius of
the next-generation matrix, Ry = p(FV™). The zero
eigenvalues do not contribute. Both remaining nonzero
eigenvalues are positive, so

Ry = max{Roy, Ror }

R Os€H
o (ey + up)(ay + uy + 6y)
A++VAZ+4D
orT T 5
2

STOCHASTIC EXTINCTION OF THE DISEASE
Theorem
Let
Z(@) =T;(t) + L;(t) + H; ()
denote the total infectious population of the stochastic

CCHF model. Assume that all model solutions remain
positive for (t\ge0).

Define the Lyapunov function

V(Z)=InZ.
If the upper Lyapunov exponent
1
A =lim sup;an ®
t—ooo

satisfies

A <0,
then

gim Z(t) =0 almost surely.

Consequently,

T,(t), L;(t), H;(t) >0
and the disease becomes extinct.

almost surely,

Proof
Define

Z(t) =Ty (&) + L, (&) + H,(O).
From the stochastic model,

D=
ur(ur + ep)(ay + py)(ey + 1)

R,y represents the reproduction potential from direct
human-to-human transmission. Ry, represents the
reproduction potential generated by the coupled tick—
livestock cycle, with vertical transmission now entering
as a dimensionless additive contribution € rather than the
population-scaled term emy/u; obtained under the
earlier formulation. Since sustained transmission can be
maintained through either pathway, the overall
reproduction number is determined by the larger of the
two components.

This completes the derivation. o

APPENDIX III

enrT;

dT, = |le; Ty — usT; +
i Tl — Urly Ny

dt + ng T, dW;

dL, = (e Lg — (ay + p)L)dt + Ny, Ly AW,

dH; = (eyHg — (ay + uy + y)H)dt + ny, H; dWy,.
Adding the three equations yields

dZ = b(Z, t) dt + T]TITI dW3 + nLILI dW6
+ Ny, Hy AWy,
where

b(Z,t) = erTy + e Ly + eyHp — urTy — (ap + )L,

ety Ty
— (ay +uy + SyH, +N—

Applying It6's formula to

V(Z)=1InZ,
gives
av(z —1dZ ! dz)?
() =~ dz - = (d2)

Since the Wiener processes are independent,

(dZ)? = (n7,T7 +ni, LT + nf, Hi )dt.
Therefore,

Z 272
+dM(t),

dv(z) =

where
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L
AM(t) = 77T, de N by 771-1, 1

is a martingale term

dWi,

Integrating from (0) to (t),
InZ (t) =InZ (0)

[

_ n%ITIZ + U%IL% + nIZ'IIHIZ ds
272

+ M(t).
Dividing by (t),

InZ (t) _ InZ (0)
t

1 (t[b(Z,5)
?fo[ Z

_ n%ITIZ + nl%[lg + T]IZ'IIHIZ ds
272

M)

By the strong law of large numbers for continuous
martingales,

M(t
lim£=0

tooo

almost surely.
Also,

Foster—-Lyapunov  Condition for  Stationary
Distribution

Let

X(t) = (Ts, Tg, Ty, Ls, Ly, Ly, Ly, Hs, Hg, Hy, Hp)"
denote the full state vector of the stochastic CCHF
model. The system can be written as

dX () = b(X(@®))dt + G(X(£))dW (t),
where (b(X)) is the drift vector and (G(X)) is the
diffusion matrix.

Consider the Lyapunov function

11

VOO =1+ IXIE =1+ ) XF
i=1
This function is non-negative and satisfies

VX) >0 as  |IX[] - oo
The infinitesimal generator applied to (V(X)) is

LV(X) =2XTh(X) + tr (GX)GX)T).
Since the diffusion matrix is diagonal,

G(X) = diag(n;X;), i=1,..,11,
we have

tr GG = Y n? X

. InZ(0)
lim =
t—oo t
Hence,
b(Z,s)
= limsup— f
t—oo
_ r]T[TI + nIZAIL% + T]I%I[HIZ ds
222 '
If
A <0,
then there exists a constant (c>0) such that
InZ (t) < —ct
for sufficiently large (t). Consequently,
Z(t)<e™© -0 (t - ).
Since
0 <Ti(6), L; (), H;(t) < Z(¢),
it follows that
T;(t) - 0, Li(£) -0, Hy(£) >0

almost surely.
Therefore, the disease becomes extinct.

m}

APPENDIX IV

Therefore,

11

LV(X) = 2XTh(X) + Z 12 X7
i=1
The drift vector (b(X)) contains recruitment terms,
transmission terms, progression terms, recovery terms,
and mortality/removal terms. Recruitment terms are
bounded by at most linear growth, while mortality,
recovery, and removal terms provide negative
contributions for sufficiently large population sizes.

Using Young's inequality,

1
2ab < pa® + ;bz, p >0,

all positive linear terms can be bounded above by
quadratic terms plus a positive constant. Consequently,
there exist constants (C, > 0) and (m > 0) such that

2XTh(X) < —m||IX||% + C,,
provided that mortality, recovery, and removal
dominate recruitment and amplification effects at large
population sizes.

Substituting this estimate into the generator yields

11
LV(X) < —m|X||?> +C, + Z n? X?*

i=1
Let
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2 2.
= max 7;
nmax 1<i<1 nl

Then

11
D 0t X7 < X1
i=1

Therefore,

LV(X) < —(m = niha)IXII” + Co,
Assume that

m > nfax

Define

c=m—n2 > 0.
Then

LV(X) < —c|IX|I* + C,,

Since

VX)) =1+(IX]%
we have

X112 = v — 1.
Substituting into the previous inequality gives

Uniqueness of the Stationary Distribution and
Ergodicity

Lemma (Khasminskii, 2012). Let X(t) be a regular,
temporally homogeneous Markov diffusion process
satisfying

dX = b(X) dt + G(X) dW,with diffusion matrix

2(X) = G(X)G(X)T.Suppose there exists a bounded
open domain U < R.!" with regular boundary such that

ETEX)E=MIE|)?, forallX eU
and some constant M > 0, (E.1)

and suppose there exists a non-negative C? function V

such that
LV(X) <0, forallX € R\ U. (E.2)

Then the process admits a unique stationary distribution
and is ergodic.

Step 1: Lyapunov function

Consider

11
V(X) = Z(Xi —1-InX,).
i=1

Since
X,—1—InX, >0,

with equality only at X; =1, and

LV(X) < —c(V(X) —1) + C,,

Hence,
LV (X) < —cV(X)+ (Cy +©).
Let
d = CO + c.
Then

LV (X) < —cV(X) +d.
Therefore, outside a compact set (K),

LVX)< —cVX)+d, Xé&K.

This is the Foster—Lyapunov drift condition.
Consequently, the stochastic process is positive
recurrent and admits at least one invariant probability
measure. Therefore, under the sufficient condition

M > Ninax,
the stochastic CCHF system admits a stationary
distribution.

APPENDIX V

Xi—1—1InX; > was X; » 0%or X; - oothe function
V is coercive on the positive orthant: every sublevel set
{X:V(X) < N} is bounded and bounded away from the
coordinate boundaries.

Step 2: Verification of condition (E.1)
The diffusion matrix is diagonal,
Z(X) = diag(mi X7, ... ni1X1y).
For any compact sublevel set
Uy ={X:V(X) <N},

coercivity of V gives constants
0 < g(N) £X; < R;(N), i=1,..,11,
for all X € Uy. Hence

§TZ(X0 = (minn? e(N)?) €17,
so condition (E.1) holds with M = min;n;%¢;(N)?,
provided all eleven noise intensities 1; are nonzero.

Step 3: Behaviour near the boundary

For g(u) = u— 1 — lnu, Itd's formula gives
1 1,
Llgx0) = (1= bic) + 57

itself bounded away from zero, so that as X; —» 0 with
the remaining coordinates held in the persistence
region, b; (X) converges to a strictly positive limit and
Llg(X;)] —» —co.
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Three representative cases illustrate the general pattern:

For exposed ticks, by (X) = 01TsL; /Ny + 02TsT; /Ny,
which tends to o0.TgL;/N; + 0.TsT; /Ny > Oas Ty —
0%*since Ts,L;, T, remain positive in the persistence
region.

For exposed livestock, b, (X) = asLsT;/Nr — (e, +
U )Lg, which tends to o3LgT; /Ny > Oas Ly — 0™,

For exposed humans, by (X) = 0,HsT; /Ny + osHsL;/
N, + 06HgH,; /Ny — (ey + ty)Hg,which  tends  to
04HsT; /Ny + 0sHgL; /N, + 06HgH; /Ny > 0as Hg —
0*.

The same mechanism applies to every remaining
compartment: Tj,L;, and H; each receive positive
inflow from their respective exposed class
(erTg, e Ly, eyHg); Lg and Hy receive positive inflow
from their respective infectious class (a;L;, @y H;); and
Ts, L, Hg receive the constant positive recruitment
terms 7y, Ty, Ty, which never vanish. Hence

LV(X) » —conear every boundary face of the
persistence set.

Step 4: Behaviour at infinity

Summing the drift equations over the three tick
compartments, the internal transmission terms cancel
and the vertical transmission terms combine to give

T
Te+Te +T;:  Yb(X) =7TT(1+N—;)—,uTNT <
2y — pp Ny, using T; /Ny < 1.

APPENDIX VI

STABILITY ANALYSIS OF THE DETERMINISTIC
SYSTEM

1 Global Stability of the Disease-Free Equilibrium (Ro <
1))

Let the disease-free equilibrium be

E°=(T9,0,0,1%,0,0,0, H, 0,0, 0),
where

Let x = (T, Ty, Lg, Ly, Hg, H;)"denote the infected-state
vector. Near E°the infected subsystem satisfies

x=((F-V)x,
where Fand Vare the transmission and transition matrices
derived in Appendix II.

The basic reproduction number is Ry = p(FV 1), where
p(-)denotes the spectral radius. Suppose R, < 1.

Since Fis non-negative and Vis a nonsingular M-matrix,
the product FV~lis non-negative with p(FV™1) < 1.
Consequently (I—FV~1)is an M-matrix, and by the
theory of non-negative matrices there exists a strictly
positive vector

Summing the four livestock compartments, the
transmission terms cancel exactly and

Lg+Lg + Ly + Lg: Zbi(X) =m, — N,

Summing the four human compartments, the
transmission terms cancel and the disease-induced
mortality term only strengthens the bound,

HS+HE+H1+HR: ZbL(X)
=my — pgNy — 6yH; < my — uyNy.

Adding the three contributions,
D b (0 < @y + 7, + 1) = inlIX s,
i

where i, = min(ur, 4, py). Consequently,
LV(X) = Cl - .umin”X”1
for the constant C; = 2wy + m, + my + (1/2) 21

Therefore LV (X) < 0 for sufficiently large [IXI]:, so
condition (E.2) holds on the complement of a
sufficiently large bounded domain U.

Step 5: Conclusion

Conditions (E.1) and (E.2) are satisfied. By Lemma E.1,
the stochastic CCHF system possesses a unique
stationary distribution in the persistence regime and is
ergodic.

q=1(q1,92 ~,q6)" >0
satisfying

qTFVt < q".
Multiplying on the right by Vgives q7F < q"V, and
therefore

q"(F-V)<0,
Define the Lyapunov function

Vore = q" x.
Since g > Oand x > 0, we have Vpgg = Owith equality if
and only if x = 0. Differentiating along solutions:

dv;
%=qTx=qT(F—V)xSO,
with equality only when x = 0. By LaSalle's invariance
principle (LaSalle, 1976), every solution converges to
E°. Hence the disease-free equilibrium is globally
asymptotically stable whenever Ry < 1.0

F.2 Local Asymptotic Stability of the Endemic
Equilibrium (Ro > 1)

When R, > 1the deterministic model admits a unique
endemic equilibrium
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— 11
E* = (Ts, Tg, T7, Ls, Lg, L, Ly, Hs, H, Hf, Hp) € RY,

whose existence and uniqueness follow from the
irreducibility of the infected subsystem and a fixed-point
argument applied to the steady-state equations when
Ry > 1.

Let J* = DF(E™*)denote the Jacobian of the deterministic
system evaluated at E*. Local asymptotic stability of E™*is
equivalent, by Lyapunov's indirect method, to the
condition that all eigenvalues of J*have strictly negative
real parts.

The Jacobian has the block structure

«_(Iss ]
J = (jss 151)’
s Ju
where Jggand J;;correspond to the susceptible/recovered

compartments (Tg' Ly L Hy Hp)and  the  infected
compartments (T’ Ty Lg’ Ly Hy H;), respectively.

Susceptible and recovered block. Jgsis a lower-triangular
matrix with diagonal entries

—Ur, =My, —Hp —Hy, —(@y + g+ 6y),
all of which are strictly negative. Its eigenvalues
therefore have strictly negative real parts.

Infected block. At the endemic equilibrium the steady-
state balance equations require that the net production of
each infected class is exactly matched by its net removal.
Any positive perturbation to an infected compartment
increases the force of infection on the corresponding
susceptible class, which is already depleted below the
disease-free level XQ; this depleted susceptible pool
reduces the effective transmission rate and drives the
perturbation back toward E*. Consequently, the infected-
block sub-matrix Jj;is stable, with all eigenvalues having
strictly negative real parts. This conclusion is confirmed
numerically at the baseline endemic parameterisation
underlying the simulations presented in Section IV (Ro =
2.42), for which the full Jacobian J* was evaluated
directly at the corresponding endemic equilibrium E* and
found to satisfy maxgRe(4,(J *)) = —0.0059 < 0
across all eleven eigenvalues, confirming local
asymptotic stability for the parameter set used to generate
the reported results. By Lyapunov's indirect method, the
endemic equilibrium E*is locally asymptotically stable
whenever R, > 1.

Appendix VI concerns only the deterministic model. For
the stochastic system, almost-sure extinction under the
sub-threshold condition (R, < 1) is established in
Appendix III via the Lyapunov exponent of the
aggregated infectious process, while stochastic
persistence and ergodicity in the super-threshold regime
(Ry > 1) are established via the Foster—Lyapunov drift
condition in Appendix IV and Khasminskii's non-
degeneracy criterion in Appendix V. The deterministic
and stochastic results are therefore fully consistent:
global convergence to ECn the deterministic model
corresponds to almost-sure stochastic extinction, and
local stability of E*corresponds to the existence of a

unique stationary distribution concentrated near the
endemic state.



