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ABSTRACT: The stability of quintuple fixed point for mixed monotone operators in partially ordered metric spaces
remains underexplored, especially under generalised contractive conditions in Cauchy spaces. This study addresses
this theoretical gap by developing a novel iterative procedure for quintuple fixed point. The methodology introduces
a generalised contractive type mapping and uses recursive inequalities alongside matrix-based comparison techniques
to establish convergence and stability criteria. These analytical tools are adapted to vector-valued sequences, enabling
precise control over componentwise convergence behaviour. A new iteration framework is defined and rigorously
analysed within a complete Cauchy-type metric space. The results reveal that the scheme ensures both the existence
and stability of the fixed point. An illustrative real-valued application validates the theoretical framework. This
approach unifies and extends previous work on coupled, tripled, and quadrupled fixed point, offering a robust
analytical foundation for high-dimensional operator systems and future applications in nonlinear, fractional, or fuzzy

dynamical models.
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L INTRODUCTION

Fixed point theory is a cornerstone of nonlinear analysis
with profound implications for differential equations, dynamic
systems, and applied mathematics. From Banach's seminal
work to contemporary explorations of multidimensional
mappings, this field's evolution has witnessed an increasingly
intricate structural understanding of operators in various
topological and metric spaces (Mannan et al., 2021). Studying
fixed points in partially ordered metric spaces has generated
considerable interest, particularly for mappings exhibiting
monotone behaviour. Lakshmikantham and Ciric (2009)
provided one of the earliest explorations of coupled fixed
points under such settings, which has since motivated
numerous extensions to tripled, quadrupled, and even
quintupled configurations. For instance, the works of Gupta
and Manro (2017), Berinde and Pacurar (2017), and
Deshpande and Handa (2015) explore the structural
technicalities of higher-order fixed points under mixed
monotone conditions.

Recent developments in the field have focused on
contractive conditions, either of integral type (Khan et al.,
2020) or in generalised forms (Ravibabu et al, 2018;
Radenovic, 2014), to ensure the existence, uniqueness and
stability of fixed points. Rehman et al. (2019) and Timis (2014)
have analysed tripled fixed point iterations, particularly
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emphasising their stability properties. The notion of stability in
fixed point theory, interpreted here as the sensitivity of fixed
point sequences to perturbations in initial conditions, has
proven particularly successful. Aniki and Rauf (2019), Aniki
(2021, 2022), and Rauf and Aniki (2021) have contributed
significantly to this domain by establishing iterative
procedures and stability analyses in both standard and Cauchy-
type metric spaces. These efforts reflect a broader trend toward
the incorporation of algebraic and topological structures, such
as C*-algebra-valued fuzzy metric spaces (Aniki, 2022), and
the refinement of contraction mappings using matrix
inequalities and vector analysis (Imdad et al., 2021; Hammad,
2024).

More complex operator frameworks, such as those
introduced by Karapinar and Van Luong (2012) and Algolam
et al. (2024), leverage fractional differential equations and
multidimensional metric constructs to broaden the traditional
boundaries of fixed point theory. These contributions
emphasise the adaptability of fixed point methodologies in
capturing nonlinear dynamics across high-dimensional and
non-Euclidean settings. Likewise, the works of Ali et al. (2025)
and Hammad and Kattan (2025) have utilised the Ran-
Reurings theorem and novel F-contractive mappings to
effectively address tripled and strongly nonlinear fixed point
systems, particularly within partially ordered spaces.
Extending this trend, Aniki and Rauf (2020) developed a

doi: http:/ /doi.org/10.637L46 /njtd.v22i4.36 9L



ANIKI et al: STABILITY FRAMEWORK FOR QUINTUPLE FIXED POINT OF MIXED MONOTONE OPERATORS WITH CONTRACTIVE ... 157

comprehensive stability system for quadrupled fixed points
under contractive-type operators, highlighting the utility of
recursive inequality techniques and metric completeness in
analysing convergence.

Given this rich landscape, the present study proposes a
novel approach for the analysis of quintuple fixed points
arising from mixed monotone operators defined over partially
ordered Cauchy spaces. Our framework generalises the
structural assumptions underlying previous works such as
those by Gregorio (2019), Kadelburg and Radenovic (2015),
and Roldan et al. (2014), while introducing an iterative scheme
that meets enhanced stability criteria. Moreover, we
demonstrate that under suitable contractive conditions, akin to
those proposed by Saddeek and Ahmed (2024), the quintuple
fixed point iteration exhibits convergence and stability, even in
complex multidimensional domains. This paper also refines
and extends the analytical toolkit used to establish fixed point
results. We draw upon recursive inequality methods similar to
those in the works of Rauf, Aiyetan, and Aniki (2017) and
matrix-theoretic convergence analysis inspired by the results
of Agarwal, Jleli, and Samet (2018). These innovations climax
in the main theorem of this study, which provides a strong
existence and stability criterion for quintuple fixed points.

In essence, given the progressive development of fixed
point theory from coupled to tripled and quadrupled
configurations, as seen in recent literature, it becomes
imperative to investigate the structural and stability properties
of even higher-order mappings. The analysis of quintuple fixed
points provides a logical and non-trivial extension of existing
results, especially in the context of partially ordered metric
spaces equipped with mixed monotone operators. While earlier
studies have established the foundational stability of iterative
schemes under contractive conditions for lower-dimensional
cases, there remains a significant theoretical gap concerning
the convergence behaviour and robustness of iterative
procedures in quintupled frameworks. Motivated by this
lacuna, the present work develops a generalised contractive-
type condition and formulates a new iteration scheme for
quintuple fixed points in Cauchy-type metric spaces. Our
results extend and unify prior stability theorems and also
provide a broader analytical system for handling
multidimensional nonlinear operator equations in both pure
and applied mathematical contexts.

IL. MATERIALS AND METHODS.

To facilitate the presentation of our main results, we
introduce some notations that will be essential throughout the
analysis.

Let (X, <) be a partially ordered set and let d be a metric
on X such that (X, d) forms a complete metric space. Consider
the Cartesian product X which is endowed with a partial order
defined as follows:

(mn,pqr) < (s turv,w)eos>mt<nu=pv<

gw=rx<s Y (mnp,qr),(stuv,w) € X5

(M

Definition 1. Let (X,<) be a partially ordered set and let
T:X5 — X be a mapping. The function T is said to possess the

mixed monotone property if it is monotone nondecreasing with
respect to the wvariables s,u and w, and monotone
nonincreasing with respect to the variables t and v. That is, for
all s, t,u,v,w € X

S1,S €EX,51 <5, 2 T(sy, t,u,v,w) <T(syp, t,u,v,w), (2)
t,t, EX,t; S t, 2 T(s, ty,u,v,w) =T(s,t,,u,v,w), (3)
U, Uy €EX,uy Su, = T(s, tu,v,w) <T(s, t,u, v,w), (4)
v,V EX, v, S v, 2 T(s, t,u,v,w) =T(s,t,u,v,,w), (5)
and

w,wy, EX,wy S w, = T(s,t,u,v,wy) <T(s,t,u,v,w,).(6)

Definition 2. An element (s,t,u,v,w) € X5 is called a
quintupled fixed point of the mapping T:X°> — X, if
T(s,t,u,v,w) =5s,T(t,s, t,v,w) =t,T(u,s,t,uw)=

u, T(v,v,t,u,v) =v,T(w,v,u,t,s) =w.

Definition 3. The mapping T:X° > X is said to be
(9, k, m, A, u) —contraction if and only if there exist constants
920k=20nr2,120u=209+k+n+14+u<l,
such thatV s, t,u,v,w,m,n,p,q,r € X,

d[T(s, t,u,v,w), T(m,n,p,q,7r)] =9d(s,m) + kd(t,n) +
nd(u,p) + Ad(v,q) + ud(w,7), (7

let X,Y € My, n)(R) be two matrices. Then, X <Y; if a;; <
B Vi=1m,j=1n

The following lemma will play a crucial role in establishing
our main result on stability.

Lemma 1. Let {a,} and {3, } be sequences of nonnegative real
numbers and let h be a constant such that 0 < h < 1. Suppose
the sequences satisfy the recursive inequality

Ape1 < ha, + 6, n=0,
If lim S, = 0, then it follows that lim a, = 0.

n—oo n—oo

The subsequent result extends this lemma to the setting of
vector-valued sequences, where inequalities between vectors
are interpreted componentwise.

Lemma 2. Let {m,},{n,Hp.},{q.}. {r,} be sequences of
nonnegative real numbers. Consider a matrix X € M 5)(R)
with nonnegative elements, such that

Mysq my, Mn
Nnt1 Nn €n
Pni1 | <X Pn |+]| S0 ]|, n20, (8)
An+1 qn 5n
Th+1 Th Yn
with
i. lim X™ = 0,
n—-oo
i. k=M < ©, Xzg & < 0, Yo < 0,

Yo Ok < oo,and Yo Vi < .

my 0 my 0

Ny, 0 Ny, 0

Iflim| Pn |=|0 [, thenlim| Pn |=]0
neeN qn 0 neeN gy 0
Th 0 Th 0
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Proof. For X =0 € M55, the conclusion is obvious. By
setting n = k in equation (8) and summing the resulting
inequalities for k =0,1,2,...,n, we obtain the following
expression valid for all k = 0,1,2, ..., n.

My 41 mg Mn—k
Ny Ny En—k
Prne1 | S XM Do |+ 3P0 X¥| Snk |, n=0, (9

In+1 qo On—k
Th+1 To Yn-k

From condition (ii) of Lemma 2, it follows that the sequences

of partial sums {H,},{E,},{E.}.{A,},{T,}, are given
respectively by  H, =ny+n+...+1,, E,=¢g +
£1+"'+€Tl’ ETl =fo+fl+...+fn, ATl =60+51+...+6n,

andl, =y, + y1+... +V,, for n = 0, converge respectively to
someH, >0,E, >0,%, =0,A, = 0and I, = 0 and hence,
they are bounded.

Let M > 0 be such that
n
n

n SM

n

(10)

— > [11 T T
e

1
n
By condition (i) of Lemma 2, for every e > 0, there exists an
integer N = N(e) such that X™ < j.ls,Vn >N, M>0.
Write

M-k Mo NMn-N
n En—k €o En-N
Z XE| Sk [=X"] S0 [+ + XV | Sn-n
k=0 Sn—k 60 Sn—N
Vn-k Yo Yn-n
Mn-N+1 Mn
En-N+1 &n
+ XV $none + -+ I $n
6n—N+1 511
Yn-N+1 Yn
(11)
But
No NMn-n
B fi
X" So [+ -+ XV Snn
\50 / \6n_N
Yo Yn-n
Mo NMn-N
e €o En—N
Sm'ls EO + -+ fn—N
60 Sn—N
Yo Yn-n

Hpn 1 1
© . (EH_N\ © . M(l\ ‘ (l\ N
= —" Ep-nN | E— I 1|==-111|, V n=N.
Tl
| M 1 1
(12)
On the other hand, let X' = max{Is, X, ..., X"~1}. Then, the
following result is obtained.

NMn-N+1 Mn NMn-N+1
En-N+1 &n En-N+1
XV Snoner |+ 5| $n [ <X Sn-wer |+ +
o)

\5n—N+1/ \ n/ \Sn—N+1
Yn-n+1 Yn Yn-nN+1

Tn Hn - Hn—N
én Ep —En-n
En =X'| & —En_n (13)
571 An - An—N
Yn l—‘n - l—‘n—N

Since N is fixed, then lim H,, = lim H,,_y = H, lim E,, =
n—-oo n—-oo n—-oo

limE,_y =E limZ, =1limZ,_y =&, lim A, =

n—-oo n—-oo n—-oo n—-oo

lim A,_y =A, lim [, = lim I5,_y =T, which shows that

n—-oo n—-oo n—-oo

there exists a positive integer k such that

Hn - Hn—N 1
En - En—N R 1
X'| B, — BN <z[1f[ Vv n=k. (14)
Ap =Dy 1
l—‘n - l—‘n—N 1
Now, for m = max{k, N}, the following is gotten
Mo Mn 1
e[
X" o [++I| $n|<el|l 1], vn=>m,
SRR
Yo Yn 1
Nn-k
=
and therefore, lim Y7_o X* | $n-r | = 0.
e 5n—k
Yn-k
Taking the limit in equation (9) and using the fact that
7ll_r){)lo X™ =0, it follows that
HEH
Ny 0
lim| P. [=]0] (15)

el gn 0
Tn 0
as required.

Definition 4. Let (X, d) be a metric space, and let T: X% —» X
be a mapping. For a given initial point (sy, to, Ug, Vo, Wo) € X5,
consider the sequence {(S,,t,, Un, Uy, Wy)} € X5 defined
recursively by

Spe1 = T(Sp, tp, Un, Vp, Wn), tryq =

T (tn, Sns tn Vs Wn), Ungr = T(Up, Sp, bty Un, W), Vnyq =

T (Un, Vn, s Un, )y What = T (Wp, U, Uy, tn, Sp) (16)

Foralln = 0,1,2, .... This iterative process is referred to as the
quintupled fixed point iteration scheme.

Definition 5. Let (X, d) be a complete metric space, and define
the set of quintupled fixed points of the mapping T: X°> — X by
Fix,(T) = {(s*, t",u*, v, w") € X5/ T(s*, t",u*, v, w*) =
s*, T(t* st v,w*) =t T',s*t,u,w) =
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*

u*, T, vt u*v") =v*, Tw',v,u',t"s") =w"}
(17)

This set, Fix,(T), consists of all quintuplets in X that satisfy

the fixed point conditions defined componentwise under the

action of T'.

Definition 6. Let {(my, Ny, P, GnT)} © X° be an arbitrary

sequence. For each n =0,1,2,.., define the following

quantities:

Nn = d(mn+1' T(mn' Nn) P Gy rn))' &n

= d(nn+1' T(np, My, M, G,y Tn)),

En = d(pn+1' T(pn' My, Ny, Py rn))' 6n

= d(qn+1' T(Qn' qn> Ny Ps Qn)): Yn

= d(rn+1' T(rnr An) Pn s mn)) (18)

The iterative process defined in equation (16) is said to be
T —stable (or stable with respect to T) if and only if
lim (My, €4, &n, Oy Yn) = Ogs implies that
n—-oo

lim (my, ng, pp, qp, rn) = (8% t5, 0%, v, w*),
n—-oo

(s*, t*,u*,v*,w") is a quintupled fixed point of the mapping T.

where

III. MAIN RESULTS

Theorem 1. Let (X, <) be a partially ordered set equipped with
a metric d such that (X,d) forms a complete metric space.
Consider a continuous mapping T: X° — X that possesses the
mixed monotone property on X, and suppose it satisfies a
specified functional equation denoted as equation (7). Assume
there exist initial points sy, tg, Uy, Vg, Wy € X satisfying the
following inequalities:
so < T(So, to, Uo, Vo, Wo),

to = T (to, So, to, Vo, Wo),
U < T (o, So, to, Ug, Wo),
vy = T(vo, Vo, to, Ug, Vo),
wy < T(Wg, Vg, Ug, tos So)-

Then, there exist s*, t*,u*,v,w* € X such that each
satisfies the following fixed point relations:

s* =T(s* t*u*, v,w"),
t* = T(t" s t5, v, w"),
u* =T s* t5u",w"),
v* =T v t5u",v"),
w* =T(w*v*u’ t*s").
For every (s,t,u,v,w),(sy,ty,us, v, W) € X°, there exist
(m,n,p,q,r) € X° that is comparable to (s,t,u,v,w) and
(Slﬁ tl! ull vll Wl)' Let (SOI tOI uOI 1'70! WO) € XSI be giVen, and
consider the sequence {(s,, t,, Uy, Vp, Wy)} € X° defined by
the iterative process (16). Then, this iterative procedure

converges and is stable for the mapping T, ensuring the
existence and stability of the quintupled fixed point.

Proof. Let {(Sy, tp, Un, Vp, W)} C X5,

Nn = d(mn+1: T(mn' Ny, Pns Qs T‘n)),
&n = d(nn+1' T(nn' My, My, Gy rn))'
én = d(pn+1' T (P, My, Ny, Drs Tn)),
6, = d(qn+1' T(qn> Gns o P ‘Un)),
and

Yn = d(rn+1r T(rn' qn» Pn> My mn))
Assume also that limn, =lime, =limé, = limé§, =

n-oo n-oo n-oo n-oo

limy, =0, to establish that Ilimm, =s" limn, =
n—-oo n—-oo n—-oo
t*, limp, = u*, limg, = v* and limr, = w".

n—-oo n—-oo n—-oo

Hence, by applying the (9, k, m, A, u) —contraction condition
as stated in equation (7), we derive the following result:
d(mn+1ﬁ 5*) =< d(mn+1' T(mn' Nny Pro Gns rn))
+ d(T(mn' N P s rn)r S*)
= d(T(mn' N P G o), T(S7, 87,07, 07, W*)) /I
< 9d(my, s*) + kd(ng,, t*) + nd(p,, u*) + Ad(g,, v*) +
ud(ry, w*) + 1y, (19)

d(nn+1ﬁ t*) < d(nn+1' T(nn' My, Ny, G rn))
+ d(T (N, My, Ny, Gy ), )
= d(T(nn,mn, Ny G rn),T(t*,s*,t*,v*,w*)) +¢e,
<9d(n,, t*) + kd(m,, s*) + td(n,, t*) + A4d(q,, v*)
+ pd(r, w*) + &,
< @ +m)dng, t*) + kd(m,,s*) + 2d(q,, v*) + pud(r, w*)

+ &,
=kd(my,,s*) + O +n)d(n,, t*) + Ad(q,, v*) +
pd(r, w*) + &, (20)

d(pn+1' u*) < d(pn+1' T(pn' mn' nn' pn' rn))
+ d(T(pn' My, My P rn): u)
= d(T(pn' My, My, Pns rn)' T(u*' S*' t*, u*' W*)) + fn
< 9d(p,, u*) + kd(m,,s*) + md(n,, t*) + d(p,, u*)
+ ud(r,w*) + &,
=@+ Ddp,u*) + kd(m,, s*) + md(n,, t*) + ud(r, w*)

+¢n
=kd(my,s*) + td(n,, t*) + 9 + Dd(p,, u*) +
pd(m, w*) + &, (21)

d(Qn+1' V*) < d(qn+1' T(Qn' Qn' nn' pn' vn))
+ d(T(qn) G, Mo, Py V1), V)
= d(T(Gn, Gn M P ), T(0", 0", 7,07, 07)) + 8,
< 9d(q,, v*) + kd(q,,v*) + td(n,, t*) + Ad(p,, u*)
+ #d(Qn'v*) + &y
<@ +x+wuwd(q,v)+ndmn,,t) + Ad(p,,u") + 6,

<nmd(n,, t*) + Ad(p,,u") + @ + k + wd(q,,v") + 6,

(22)

d(rn+1' W*) < d(rn+1' T(rn' Qn' pn' nn' mn))
+ d(T (rn' qu’ pn' nTl’ mn)' W*)
= d(T(rn' Gns P o, M), TW™, 07,07, 7, S*)) +Vn
< 9d(1,, w*) + kd(qp, v*) + md(py, u*) + Ad(n,, t*)
+ pud(my, s7) + ¥
= ud(my,,s*) + Ad(n,, t*) + nd(p,, u*) + kd(q,, v*) +
9d (1, W) + ¥ (23)
From equations (19) through (23), the following result is
derived:
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_d(mn+1'5*)
d(nn+1' t*)
d(pn+1ﬁu*) <
d(Qn+1'v*)
-d(rn+1'W*)
9 K T A uy [d(my,s*)
kK (9+m) 0 A ul | dn,, t")
K T (CES) 0 ul.ldp,u”) |+
0 T A W+r+wp 0] |d(g,v)
7 A T K ) d(rn’w*)
Mn
Sn
&n (24)
8n
Yn
9 K 3 A u
Kk (O+m) 0 A u
Denote X = |k T (CE)) 0 ul,
0 T A W+x+p O
u A 3 K 9

where the sum 9 + k + w+ A + psatisfiess 0 <9+ Kk +m +
A+ p < 1, by the contraction condition specified in equation
(7).
To apply Lemma 2, it is necessary to establish that X™ — 0
asn — oo,
To simplify the notation, we introduce the following
designation:
ap by ¢ di e
i g9 o LS
X=lky L1 m n p (25)
G st bow
Vi Wi X1 N1 4

a1+ b1+C1+d1+el=f1+gl+h1+i1+j1=k1+
l1+m1+ n1+p1=q1+7'1+51+ t1+u1=U1+W1+

X1+ y+tz =9+ k+n+1+u<l, (26)
Then
) K T A ut?
kK (O+m) 0 A u
X? =k s ®+2) 0 U
0 T A W+xk+p) 0
u A T K )

a; b, ¢ d; e
f2 92 ha i Jo
=lk2 I my n; p;
4z T2 Sz 1l U
UV, W2 Xp Y2 2
upon comparison, it follows that
@+ byt tdyte,=f+g,+hy+iy+ jo, =k, +
L+my+ ny+p,=q+nrnt+s,+t,+tu, =v, +w, +
X, + Yy, + 2,
=924+ Kk? + w2+ 2% + p? + 29k + 297 + 291 + 29u
+ 2Km + 2K + 2ku + 21 + 2mp + 2Au
=@+ k+m+A+p? <9+ k+m+i+u<l. (@27)
We now prove by induction that

an bn Cn dn en
fn gn hn in jn
Xn = kn lTl mn nn pTl 4
qn rn STl tn uTl
le Wn xn yTl Zn
where
An+ byt cp+dyt+e,=fotgnthy+ig+ jo=k,+
LL+m,+ny+pp=qn+nm+s,+ th+tu, =v, +w, +
Xn+ Yp+2,
=@+ k+n+ A+ <I+ k+nm+A+pu<1l (28)
Suppose that equation (12) is valid; then we obtain
an le CTl dn eTl
fn gn hn ln jn
xvl=x"x=\k, 1, m, n, p,l
n  Ta Sp th Uy
Un Wn Xn Yn Zn

) K T A u
Kk (O+m) 0 A u
K s (CED) 0 ul (29)
0 T A W@+x+p O
u A T K V)

Then,
Ani1+ bpyr + Cnyr +dnys +epyg = and + by + ek +
et +apk+ b,(9+n)+c,r+d,m+e A+ a,w+
@+ +dA+e,m+a A+ bpd+d,(9+x+p)+
enk + ayu + byu + c u + e, d 30)
=a,0+xk+m+1+wW)+ b, +k+mT+1+ 1)
+, W +k+mT+1+0)
+d,d+x+m+A+u
+e,(O+k+m+A+pu)
=(ap,+ b+ +dy+e ) +x+m+ 14+
=@ +k+n+ A+ wW" @ +k+mT+A+p)
=W+rk+m+A+p)"?
<IV+k+m+A+u<li, 3D

fn+1+gn+1+hn+1+in+1+ jn+1 =fn19+ gnK+hnK+
b + fuk + gn(@ + 1) + hyw +i,w + j A+ fum +
hy@+A) + i+ jpm + frd+ g+ i, (9 + K+ p) +
JnkK + falk + gntt + hyp + jn 9 (32)
=fi@+rk+n+1+wW)+ g, O +x+m+1+p)
+h,O+k+nm+A+p)
+i,0+k+T+1+p)
+,O0+k+m+1+0)
=(fot Gnthe+in+j )@ +Kx+m+214p)
=@ +rk+m+ 21+ W)@ +r+mT+A+u)
=W+k+n+A+p"?
<IV+k+m+A1+pu<li, (33)

kn+1+ln+1+mn+1+ nn+1+pn+1 = kn19+ an+mnK+
Ptk + L0 +n)+myr+n,m+p,A+k,m+
m,O+A)+nl+p,r+k A+, A+n,O+x+up)+
Pnk + kppt + Ly + myp + ppd (34)
=k,@@+x+m+ 2+ W+ L@ +x+m+A1+u)
+m,(O+k+m+A+p
+n,0+k+nm+A+p)
+p, 0 +Kk+mT+ A1+ 1)
=k, + Li+m,+n, +p )0 +k+m+1+ 1)
=@ +k+n+ A+ wW" O +k+mT+A+p)
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=@ +rx+m+i+ )t
<I+k+m+A+u<li, (35)

similarly,
An+1 + Tn+1 + Sn+1 + tnt1 + Un+1
=VUns1t Wpyr T X1+ Ynvr tZnp
=@ +rx+m+A+p)tt?
<V+k+rm+A+u<l

Therefore, limX™ = 0. Since the conditions of the

n—-oo

hypothesis in Lemma 2 are satisfied, its application yields the
following result:

my s*
Np t*
lim | Pn|={u"]
™ v*
Tn w*

Hence, the quintupled fixed point iterative procedure defined
by equation (16) is exist and T —stable, that is, it is stable with
respect to the operator T.

Corollary 1. Let (X, <) be a partially ordered set and suppose
there is a metric d on X such that the pair (X, d) is a complete
metric space. Let T: X5 — X be a continuous mapping having
the mixed monotone property on X.

There exist h € [0,1) such that T satisfies the following
contraction condition

d(T (s, t,u,v,w), T(m,n,p,q,1)) <= (d(s,m) +d(t,n) +

d(u,p) +d(v,q) + d(w,1)), (36)
for each s, t,u,v,w,m,n,p,q,vr €X, with s >2m,t <n,u =
p,v = q,w = r. If there exists Sy, to, Uy, Vo, Wy € X such that
So < T(Sg, to, Ug, Vo, Wo), tg = T (Lo, So, to, Vo, Wo), Ug <
T (g, So, to, Ug, Wp), Vg = T(Vg, Vg, to, U, Vp), and  wy <
T (W, Vg, Ug, Lo, Sp), then there exist s*, t*, u*, v*, w* € X such
that s* =T(s* t*,u", v, w”), t* = (t*s* t5 v w"), u* =
T(*, s* t5u",w"), v =TW", vt u",v"), w =
T(w*,v*,u*,t5s").

Assuming that for every (s, t,u, v,w), (1, t1, Uy, V1, W) €
X5, there exist (m,m,p,q,7) € X° that is comparable to
(s,t,u,v,w) and (sq,t;, Uy, V1, wy). For (sq, to, Ug, Vo, Wp) €
X5, let {(sp, tp, Upn, Vn, Wy)} © X° be the quintupled fixed point
iterative procedure defined by equation (16). Then, the
quintupled fixed point iterative procedure is stable with respect
toT.

Proof. Applying Theorem 1 ford =k =n=A=pu = %

By applying the contraction condition (7) and utilising
equations (19) through (23), we derive the following result:

h h h
d(mn+1' u*) < gd(mn:S*) + gd(nn: t*) + gd(Pn' u*)

h h
+2d(gnv) +5dw) (37

* h * Zh * h *
d(Npyq, V) < gd(mn,s )+?d(nn,t )+§d(qn,v )

h
+ gd(rn,w*) +¢&,

* h * h * 2h *
d(Pp+1, W) < gd(mn,s ) +§d(nn't )+?d(pn'u )

(38)

+gd(rn,w*) + &, (39)

* h * h * 3h *
d(qn+1'W ) < gd(nn't )+§d(pn'u )+?d(qn'v )

+ 6, (40)

h h h
d(rn+1'x*) < gd(mn:S*) + gd(nn: t*) + gd(Pn' u*)

h h
+ gd(qn' V*) + gd(rn' W*) + ¥n
From (37) - (41), the following is obtain
-h kR h

(4D

h_
5 5 5 5 5
A1, 5] o200 n n| [d0Ma, D]
d(nn+1't*) 5 5 5 5 d(nn:t*) Sl’l
. R h 2n h .
d(pn+1,u) < E E ? 0 E . d(pn,u) + En .
d(qn+1,v") 0 h h 3h 0 d(qn, v") 8y
* 5 5 5 * Y
d(Tn+1,W ) E E E E E d(T'n,W ) n
ls 5 5 5 5
(42)
hohoh ki
5 5 5 5 5
Ro2ogohoh
5 5 5 5
Denote X = % % % 0 %, where 0 < h < 1.
o oo
5 5 5
h R R R R
ls 5 5 5 5

Applying Lemma 2, we need X™ — 0 asn — oo.
To simplify the notation, we introduce the following
designation:

a by ¢ di e
fi 91 h i )1
X=|ky L4 m ng py
GG s b U
V1 Wi X1 V1 4
where
a+ b+ +dite=fitgith+ig+ =k +
L+my+n+p=q+r+s;+ t,+u, =v +wy +
X1+ y+tzi =9+ k+m+1+pu<li, (43)
then
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rth h h h h
5 5 5 5 5§
h 2h h h
T T 0 T T 4 6 5 6 4
, L h 2h h 4 7 3 7 4
X=- = — 0 =l ===|5 6 6 3 5
5 5 5 5 25
n h 3h 2 6 5 10 2
0 T T T 0 4 6 5 6 4
h h h h h
5 5 5 5 5
a b, ¢ d; e
fo g2 hy i Jo
=lk;, l, m; n, p; (44)

G2 T2 S L U
Vo W2 X2 V2 23
upon comparison, it follows that
QG+ byt tdyte,=fo+g, +hy +iy+ j, =k, +
L+my+ny+p,=q+n+s,+ t, +u, =v, +w, +

x2+_’y2+Z2=h2<h<1 (45)
Assuming that (45) is true for n, then
th h h h h
5 5 5 5 5
h 2h h h
a, b, ¢ d, e1|l- — 0 = =
: . 5 5 5 5
fn gn hn ln ]n h h Zh h
X"l=|k, I, m, n, pulf= = = 0 =
5 5 5 5
qn rn STl tn uTl h h 3h
le Wn xn yTl Zn 0 g g ? 0
h h h h h
5 5 5 5 5

where
An+1 + bn+1 + Cn+1 + dn+1 + €n+1

= fn+1 + In+1 + hn+1 + in+1 + jn+1
= kn+1 + ln+1 + Myt + Npya + Pn+1

= qn+1 + Th+1 + Sn+1 + tn+1 + Un+1
= VUpt1 T Wnat T Xng1 + Ynsr T Zpya

=g(an+ b,+c,+d,+e,)
+%(fn+gn+hn+ in + jn)
+%(kn+ln+mn+ N, + pn)
+g(qn+rn+sn+tn+un)
+g(vn+wn+xn+yn+zn)

h
=§(hn+h" + h™ + h" + A™) = !
<h<L1l (46)
Therefore, limX™ =05 and now having satisfied the
n—-oo

conditions of Lemma 2, then

my s*
Np t”
lim | Pn|={u"]
™ v*
Tn w*

which shows that the quintupled fixed point iteration procedure
defined by (16) is T —stable.

[llustrative Example 1. We present the following example to
demonstrate the applicability of Theorem 1 in the real-valued
setting.

Let X = R be the set of real numbers equipped with the
usual order < and the standard metric d(¢,n) = |§ —n]|. Then,
(X,d) is a complete metric space, and (X, <) is a partially
ordered set. Define the operator F: X> — X by

F(§1,82,83,60.85) = %(51 =&+ 8 =8+ 8s). (47)

We aim to verify that F satisfies the contractive condition
and mixed monotone property required by Theorem 1, and that
the iterative process converges to a stable quintuple fixed
point.

Step 1: Contractive Condition
Let & = (§1,62,€3, 60 85), 1 = (11,M2,M3, M4, M5) € X°. Then

1
IF©) = FOD| = |15 (6 = &2+ & = §4 + &5 = 10 + 12— s

+ 714 —7s)
1
= El(fl =11) — (& —m2) + (& —1n3) — (§4 —1a)
+ (& —ns)|

1 1
< EZ?:llfi -l < 7 {Isliaéd(fi:m)- (48)

Thus, F satisfies the following contractive condition:
d(F(),F() < A~ maxd(§&,n), where 2= < 1. (49)
<i<

Step 2: Mixed Monotone Property
Suppose &,1 € X° such that & <1y, & =1y, &3 <13, & =
N4, &5 < Ms. Then

1
F(&,82,635,64,85) = E(El —&+ 8 —8,+ &)
Ly =0y +13 — 04 +75) = FO1, 203, Ma7s), (50)

S _
10
Since increasing values of &;, &5, & and decreasing values of
&,, €&, increases the value of F. Hence, F is monotone non-
decreasing in &;, &3, &5 and monotone non-increasing in &, &,,

thereby satisfying the mixed monotone property.

Step 3: Iterative Process and Convergence
Define the sequence &™ = (fl(n),fz(n),fgn),fin),fs(")) € X°

by the recurrence
(n+1)
$i

= F(Ei(n)' E((:fl) mod 5’ f((Ln-BZ) mod 5’ f((171-33) mo ’ fgi}) mod 5/’
vVi=12,..,5 (51
where indices are taken modulo 5 to ensure cyclic evaluation.
Let the initial point be

£ =(1,2,3,4,5).
Then the first iteration yields

1
€ =F(12345) =(1-2+3-4+5) =03,

1
§=F23451)=-(2-3+4-5+1)=-01,

1
§=FB34512)=-(3-4+5-1+2)=05,
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1
§1=F(45123) =, (4-5+1-2+3)=01,

1
=F(51234) =;(5-1+2-3+4)=07.

Continuing with the iterative process generates a sequence
{f (")} which is Cauchy under the metric de(&,n) =

max d(&;,m;), since the contraction factor 1 = - satlsﬁes 0<
1<i<

A < 1. Therefore, §™ — &* € X°, where

& = F(&, &ir1y Elinny Elinay Sliamy )y Yi=12,...,5. (52)
By Theorem 1, it is demonstrated that the fixed point of the
iteration is both unique and stable.

Iv. APPLICATIONS AND DATA ANALYSIS

The quintuple fixed point model applies to real-world
systems where five interdependent variables evolve
cyclically with nonlinear feedback. Examples include multi-
agent economic decisions, neural clusters, biofeedback loops,
and rotational engineering systems. Each component's state
depends on the interaction of its successors in a circular
arrangement, modelled over a complete metric space
(R, <, d).
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Consider a nonlinear operator T = (T, T,, T3, Ty, Ts)

defined by

1+<&; i .
Ti(§1 603060 8s) = 2882 =12 5 (53)
with indices evaluated modulo 5 to ensure circular

dependency. This configuration captures complex dynamical
behaviour where feedback is both nonlinear and
interconnected. The setup adheres to the results in Theorem
1, making it suitable for validating the theoretical framework.

A. Iterative Simulation of the Quintuple Fixed Point Scheme

To demonstrate the convergence and stability of the
model, we define the initial vector as

(5(0) (0) (0)’ (0) ScS(O))

(0.1,0.2,0.3,0.4,0.5)

Using the recursive scheme (16),

fi(n+1)

(f(n) (n) (n)’ ZEn)’scs(n)) (54)

we compute successive 1terates.
Table 1 below displays the first 15 iterations of the
quintuple fixed point process.

Table 1: Iterations of the Quintuple Fixed Point

Iteration n Scl(") 2(n)

)
3

) ()
4 5

0.100000
0.120000
0.135689
0.136932
0.135929
0.134899
0.134003
0.133270
0.132702
0.132282
0.131988
0.131796
0.131685
0.131635
0.131623
0.131635

0.200000
0.146667
0.158042
0.155781
0.153700
0.151974
0.150547
0.149371
0.148396
0.147582
0.146893
0.146302
0.145788
0.145336
0.144936
0.144578

OO DN W~ O

— e e e = \©
DN kW —-=O

0.300000
0.186667
0.174667
0.169808
0.166804
0.164514
0.162750
0.161373
0.160283
0.159404
0.158676
0.158059
0.157521
0.157038
0.156597
0.156190

0.400000
0.233333
0.198621
0.186872
0.180471
0.176405
0.173643
0.171710
0.170327
0.169322
0.168588
0.168051
0.167653
0.167355
0.167128
0.166951

0.500000
0.173333
0.151379
0.144420
0.140677
0.138220
0.136548
0.135384
0.134567
0.134001
0.133608
0.133332
0.133134
0.132989
0.132883
0.132801

B. Data Analysis: Convergence Verification

To verify convergence quantitatively, we compute the
Euclidean norm of the difference between successive iterates
as shown in Table 2.

B = [0 = ¢

(55)

Table 2: Euclidean Norm of Successive Differences
Iteration n A,
0.160000
0.040941
0.016239
0.009473
0.006122
0.004104

AN N B WN =

7

Iteration n

8

9

10
11
12
13
14
15

0.002813
A,
0.001931
0.001330
0.000919
0.000636
0.000440
0.000303
0.000209
0.000146

As

A, - 0, strong convergence is confirmed. The

decaying norm differences demonstrate the stability and
contractiveness of the operator, validating the model’s
behaviour as in Theorem 1.
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C. Interpretation

The iterative results align with the theoretical findings of
Theorem 1, which shows that a unique and stable quintuple
fixed point was achievable through componentwise
convergence. This outcome supports the detailed expression
of the scheme under initial perturbations, confirming its
practical stability. The nonlinear cyclic structure shows the
existence of interdependencies found in various real-world
systems, ranging from interconnected economic sectors to
biochemical pathways and ecological networks. Each entity’s
state is shaped by nonlinear interactions with others, which
reflect the circular operator design.

V. APPLICATION TO SUPPLY CHAIN
OPTIMISATION

A. Chain Systems and Optimisation

Supply chain systems are dynamic and nonlinear by nature.
The efficiency of a supply chain depends on how well we
manage the relationships between various components such as
production capacity, inventory levels, demand forecasts,
transportation costs, and storage capacities. Changes in one
part of the system, such as inventory levels or transportation
logistics, can notably affect other components. To optimise this
system, we apply the quintuple fixed point method, a technique
that allows us to find a stable equilibrium where the system
variables interact optimally. By modelling the interactions
mathematically, we can minimise operational costs, improve
efficiency, and ensure that the supply chain operates at its
optimal state.

B. Mathematical Model for Supply Chain Optimisation
We model the five key variables governing the system as
follows:

1. Supplier Production Capacity (SPC): Represents the
rate at which products are produced (units per time).

2. Inventory Levels (IL): Denotes the quantity of goods
available at various stages of the supply chain (units).

3. Demand Forecasts (DF): Predicts the demand for
products at various points in the supply chain (units).

4. Transportation Costs (TC): The cost of transporting
goods from one location to another (USD).

5. Warehouse Storage (WS): The amount of storage
required to house goods in the supply chain (cubic
meters or pallet spaces).

The interactions between these variables can be expressed as a
system of nonlinear differential equations that describe how
the system evolves:

d

%Z 9162, 83,84, 85)
EZ = 92(81,3, €4, E5)
E3 = 93(81,62, €4, E5)

&, ( )
dt = 94(81,$2, 83,85
dss

dar = 95(§1,€2, €3, €4)

Where & = (&,§,,&5,€&,4,&5) represents the vector of the
system’s state variables: &, = SPC, é, =1L, & = DF, &, =
TC,é& =WS
The functions g4, 9,93, 9a gs describe the nonlinear
relationships between the variables, representing the dynamic
interactions of the system. For example, g,(&;,¢&5,¢&,,&5)
models how production capacity is influenced by inventory,
demand forecasts, transportation costs, and storage
availability.
The objective is to find the steady-state equilibrium where
all derivatives are zero:
dfy _df _dis _dfy _dss _
dt ~ dt dt dt dt
Which  corresponds to finding the
(§1,62,§3, 64, 85

(56)

fixed point

C. Convergence and Stability of Quintuple Fixed Point
Iteration
The quintuple fixed point iteration method is employed to
solve for the steady-state equilibrium. This method updates the
values of the system variables iteratively. The iteration process
is as follows:
gD =T(eW), K =012,.. (57)
Where T represents the mapping of the system. The system’s
variables are updated using:

(k+1) f(f(k): gk)’ ik)'fs(k))
(k+1) fz(f(k) gk)‘ ik)‘fs(k))
(k+1) =f (f(k) z(k)' ik)’fs(k))
(k+1) f(sc(k)’ 2(k)' gk)'fék))
(k+1)

k) (k) (k) (k)
fS(f '2'3'54)

This iterative process continues until the variables stabilise,
and the system reaches a fixed point. For the iteration to
converge to the fixed point, the mapping functions
fi, f2, f5, fa, f5 must be contractive. That is, for any two points
¢ and 1, there must exist constants A, 1,, 13, A4, A5 such that

I:(§) — fimIl < 411§ — nll, for each i = 1,2,3,4,5  (58)
Where ||-|| represents the Euclidean norm. If the contraction
constants A; satisfy Y7_; 4; < 1, the system will converge to a
unique fixed point.

D. Convergence Analysis and Numerical Results

Let us apply the quintuple fixed point iteration to the supply
chain system, starting with the following initial values:

1. SPC (Supplier Production Capacity) = 1200 units

IL (Inventory Levels) = 800 units

DF (Demand Forecasts) = 950 units

TC (Transportation Costs) = 180 USD

WS (Warehouse Storage) = 4000 cubic meters

We iterate through the system for 10 steps and observe how the
system converges to the optimal equilibrium.

D W
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Table 3: Iteration Results

Iteration SP(.: IL . DF. TC WS
(units)  (units)  (units) (USD) (m?)
0 1200 800 950 180 4000
1 1215 815 930 185 3965
2 1224 828 912 190 3930
3 1230 838 895 195 3895
4 1234 848 880 200 3860
5 1237 856 870 205 3825
6 1240 864 860 210 3790
7 1242 870 852 215 3755
8 1243 874 845 220 3720
9 1244 877 840 225 3685
10 1245 880 835 230 3650

Table 4: Convergence Verification

Iteration ASPC AIL ADF ATC AWS
1 15 15 -20 8 40
2 9 13 -18 7 35
3 6 10 -17 6 30
4 4 8 -15 6 25
5 3 7 -12 5 20
6 3 8 -10 5 15
7 2 6 -7 5 10
8 1 4 -7 4 5
9 1 3 -5 4 3
10 1 3 -5 3 2

E. Interpretation

The system converges gradually to the optimal equilibrium
as the variables stabilise. The gradual changes in ASPC, AlL,
ADF, ATC, and AWS indicate that the supply chain system is
balancing production, inventory, demand, transportation, and
storage requirements efficiently. The Euclidean norm of the
differences between successive iterations becomes smaller
over time, confirming that the system reaches a stable solution,
which demonstrates the application of the quintuple fixed point
method to supply chain optimisation. Through iterative
updates, we find the optimal equilibrium where production
capacity, inventory levels, demand forecasts, transportation
costs, and warehouse storage are balanced, leading to
minimised costs and improved efficiency. The contractive
conditions, convergence verification, and numerical
simulation show that the system reaches a stable, optimal
solution, making the quintuple fixed point method a powerful
tool for businesses to optimise their supply chain operations.
This methodology ensures that interdependencies among
supply chain components are effectively managed, leading to
cost-effective solutions and improved overall supply chain
performance.

VL. CONCLUSION

This paper developed a robust stability framework for
quintuple fixed point of mixed monotone operators in partially
ordered Cauchy spaces. By formulating a novel iterative
process under generalised contractive conditions, we

established the existence and stability of quintuple fixed points
within a complete metric structure. The methodology
integrates  recursive  inequalities and  matrix-based
comparisons, extending foundational results in fixed point
theory to higher-dimensional settings. Our findings generalise
existing coupled, tripled, and quadrupled fixed point theorems,
offering a unified approach that captures more complex
operator behaviour. This research enhances theoretical
understanding and provides practical tools for analysing
nonlinear mappings. It also contributes to ongoing discussions
in fixed point literature by addressing higher-order stability, a
relatively underexplored domain. Future investigations may
consider extending the analysis to fuzzy, cone, or G-metric
spaces and applying the results to real-world systems governed
by nonlinear and fractional differential equations.
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